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Simulation of physics problems is one of the most important use cases of quantum computing. For this class of
problems, the goal is typically to find theminimumenergy state, or the ground state, of a physical system’sHamil-
tonian. These problems frequently have constraints, such as symmetry conditions, which must also be satisfied.
To solve such problems, researchers in computational physics use quantum-inspired algorithms that execute
on classical computers. In particular, tensor network-based eigensolvers such as DMRG have become popular.

However, to use these eigensolvers, the constrained optimization problemmust first be encoded as a tensor
network that implements a low-rank decomposition of the system’s Hamiltonian and state vector. These tensor
network encodings are highly flexible, allowing for variables with ≥ 2 quantum states and supporting efficient
constraint encodings that directly constrain the state vector. A critical challenge to developing tensor network-
based encodings is that, currently, the encoding process is manual; significant effort is required to identify an
efficient encoding for a new physics problem. In this work, we introduce a quantum constrained optimization
problem (QCOP), a general abstraction for describing minimization problems over quantum variables that are
subject to hard constraints. We present Masq, the first constraint programming language for QCOPs imple-
mentable with tensor networks, and CoTenN, a compiler that automatically maps QCOPs specified with Masq
programs to tensor networks. To demonstrate the utility of Masq and CoTenN, we formulate two physics prob-
lems inMasq and then use CoTenN to find their ground states.We find the CoTenN-generated tensor networks
generally outperform SOTA problem formulations, providing between 2.05×–53.32× total speedups across runs
for QCOPs and yielding up to 2.49·107× lower truncation errors for otherwise unconstrained problems.
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1 Introduction

Quantum as a computing paradigm was first proposed to simulate realistic quantummany-body
physics and quantum chemistry problems by Richard Feynman [15]. Such simulations are com-
putationally hard, but enable us to determine important physical quantities like the bond energy,
activation energy, etc., for physical systems [3, 11, 37, 49, 66]. A typical setting for such problems
involves defining aHamiltonian and finding the minimum energy state, or the ground state, of this
Hamiltonian. For many of these problems, the ground state is itself a superposition of states and
therefore probabilistic. The system states are subject to constraints arising from symmetries of the
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system [52]. Performing an exact simulation of these systems on classical computers comes with
exponential overheads. For example, a molecule with 𝑁 electrons requires O(2𝑁 ) floating point
numbers just to store its quantum state exactly. In this setting, simulating ChromiumDimer (often
considered a benchmark for quantum simulation methods) [13, 44, 60], would require 256 Terabytes
of memory, putting it beyond the reach of most classical systems.

To simulate these systems approximately, researchers have developed quantum-inspired classical
algorithms that run on commodity hardware [17, 62, 63]. Among these, tensor network (TN)methods
have become widely used for performing approximate Hamiltonian simulations for problems in
combinatorial optimization [2, 23, 54], quantum chemistry [10, 28, 39], electrodynamics [20, 34],
and differential equations [58]. TNs are low-rank approximations of quantum systems that grow
polynomially rather than exponentially with problem size, enabling compact storage on digital
hardware. TN algorithms like DMRG perform numeric computation on TNs without fully expanding
them, circumventing any exponential blow-up in memory usage and making large-scale quantum
simulations feasible [17, 55, 63, 64]. Advances in TNmethods have also enabled study of increasingly
complex quantum problems with classical resources accessible today, informing the design and
theory of future quantum computing devices.
Challenges with Encoding Constraints. Physically realistic Hamiltonians often have conserva-
tion laws and symmetries that partition the Hilbert space into disjoint sectors, constraining the state
of the system. Respecting these physical constraints improves simulation performance and ensures
correct behavior. Regularization-based methods, which add penalty terms into the Hamiltonian to
capture constraints, are popularly used since they are easy to implement [5–7, 12, 22]. However, they
fail to efficiently eliminate invalid states from the search space, resulting in longer convergence times
and increased simulation error.
To improve efficiency and accuracy, domain experts often manually craft bespoke TN represen-

tations for specific problems that embed constraints directly. Developing such encodings requires
considerable expertise and creativity, to the extent where publications typically focus on developing
a TN implementation for a single problem [9, 23, 36, 39, 43, 58]. Practitioners use TN libraries such
as ITensors, cuTensorNet, and TenPy to formulate these encodings [14, 21, 27, 35, 46]. Because these
encodings (summarized in Table 8) are highly specialized, they find little reuse across models and
their constraint structures cannot be readily combined.

1.1 Specifying and Simulating QCOPswith CoTenN

Despite the ubiquity of such Hamiltonian simulations and constraints, no general abstraction exists
for expressing and enforcing them. In this work, we introduce the quantum constrained optimization
problem (QCOP), a problem abstraction that supports specification of physical constraints along
with the Hamiltonian of the system.We introduce a programming framework (Masq) for expressing
QCOPs that can be efficiently and automatically mapped to a TN. Masq is the first constraint pro-
gramming language for QCOPs.We also present the compiler CoTenN, that automatically generates
a TN that implements the described problem and dispatches it to a backend eigensolver. CoTenN
andMasq offer the following benefits:
• SeparationofConcerns.TheQCOPabstractionand theMasq languageenable separationof concerns:
users can specify the problem and its constraints without providing the TN implementation.

• ErgonomicQCOPdesign.Masqprovides languageconstructs for specifyingQCOPHamiltoniansand
constraints without requiring users to reason about constraint mappings. This eliminates problem-
specific manual derivation, enables constraint reuse, and supports composition of constraints.

• Intelligent TN constraint encodings. CoTenN efficiently maps Masq constraints to a TN. This
mapping was developed by generalizing various bespoke constraint encodings found in literature.
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Toour knowledge, CoTenN is thefirst concerted attempt to generalize bespokeTNencoding strate-
gies so that they may be more broadly used, and the first attempt at devising a programming abstrac-
tion that separates the specification of physics problems and their constraints from implementation.

1.2 Contributions

• We introduce the idea of a constrained quantum optimization problem (QCOP), and provide a
primer for how QCOPs are encoded with TN.We present Masq, a language for describing QCOPs
that can be automatically mapped to TN.We formulate two physics benchmarks, the Kitaev Ladder
and the PXPmodel, using Masq to demonstrate its flexibility.

• We present CoTenN, a compiler that translates QCOP problems to TNs and systematically applies
direct constraint encoding techniques to effectively impose hard constraints on the system.

• We present a collection of generalized constraint encodings developed by analyzing bespoke con-
straint encodings fromTN literature.We also present a newTNencoding for eigenvalue constraints,
which can be used to encode Kitaev ladder model benchmark [10].

• We evaluate CoTenN-generated TN implementations against regularization-based formulations.
We find that CoTenN-generated TNs provide between 2.05×–53.32× total speedups across runs for
QCOPs and yield up to 2.49·107× lower truncation errors for otherwise unconstrained problems.

2 BackgroundwithMotivating Example

In this section, we describe quantum optimization problems (QOPs) and constrained quantum op-
timization problems (QCOPs), introduce an example problem, and motivate how constraints can
be used for such problems.

2.1 QuantumOptimization Problems (QOP)

AQOP is the problem of finding the lowest energy state, or ground state, of a quantum system.
▶Quantum Variables. The domain of the optimization problem is defined over 𝑁 discrete quantum
variables 𝑥1,...,𝑥𝑁 , where each variable exists in a superposition of 𝐷 orthogonal values given by
{0,...,𝐷−1}. The values of the variables are interdependent, or entangled, and so the system exists in
a superposition of𝐷𝑁 quantum states. Each quantum state maps to a combination of variable values.
The state can be formally described with a 𝐷𝑁 -dimensional complex-valued vector ®𝑠 ∈ C𝐷

𝑁 .
Each entry 𝑠 [j] corresponds to a state configuration j= ( 𝑗1,..., 𝑗𝑁 ) ∈ {0,...𝐷}𝑁 where 𝑥𝑖 is assigned
state 𝑗𝑖 . Each element in this vector, ®𝑠𝑖 [j]=𝑎𝑖 [j] ·𝑒 i·𝑏𝑖 [j] , captures the amplitude of 𝑥𝑖 being in state
𝑗 ∈ {0,...,𝐷−1} upon measurement, with measurement probability 𝑃 (𝑥𝑖 = 𝑗)= |𝑎𝑖 [ 𝑗] |2.
▶ Objective Function.Given a set of 𝑁 quantum variables, a QOP is defined by a Hamiltonian matrix
𝐻 ∈C𝐷

𝑁 ×𝐷𝑁 that encodes interactions between quantum states. The goal is to find the normalized
state vector ®𝑠 ∈C𝐷

𝑁 that minimizes the energy:

®𝑠opt=argmin
®𝑠

𝐸 (®𝑠) where 𝐸 (®𝑠)=
∑︁
i,j
𝐻 [i,j]𝑠 [i]𝑠 [j]∗=®𝑠†𝐻®𝑠

The solution, ®𝑠opt, is the superposition of quantum states that has the lowest energy. It is the
eigenvector of𝐻 corresponding to its smallest eigenvalue. This eigenvalue is the ground-state energy.
▶ Classical vs Quantum. For a classical system,𝐻 is diagonal and this problem reduces to selecting a
position in the diagonal𝐻 with theminimumvalue. However, in general, for non-diagonalHamiltoni-
ans, ®𝑠opt is a superposition of multiple configurations or orthogonal basis states, each with a nonzero
amplitude. The square of this amplitude is the probability of measuring the system in that basis state.
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(f) Constraint Projection Operator

Fig. 1. System description, Hamiltonian, solution state and constraints for theQuantum Color Flipping Game.

2.2 QuantumConstrainedOptimization Problems (QCOPs)

In a quantum constrained optimization problem (QCOP), the goal is to minimize an energy function
by finding the state of a set of quantum variables where there is a hard constraint on allowed states
of the variables. The goal is to find ®𝑠opt that minimizes the energy and satisfies the constraint:

𝐸 (®𝑠)=
∑︁
i,j
𝐻 [i,j]𝑠 [i]𝑠 [j]∗=®𝑠† 𝐻 ®𝑠 subject to ∀i𝑠 [i]≠0 =⇒𝐶 (i)=1

Where𝐶 : {0,...,𝐷−1}𝑁 →{0,1} is a constraint function that maps a configuration over all quantum
variables i to 1 if it satisfies the constraint and 0 otherwise, thus eliminating invalid states.

2.3 QCOP Example:QuantumColor Flipping Game.

We start with an example QOP inspired by the structure of the PXP model from our benchmarks
(Section 6.1.2). Here we have a chain of 𝑁 =4 nodes, each of which can be associated with a color:
blue or red. The colors are mapped to quantum states by assigning blue to |𝐵⟩ = |0⟩ and red to
|𝑅⟩= |1⟩. The system applies the transitions shown in Figure 1a to any three sequential nodes. The
transition rules for this game are implemented as an operator that flips a node’s color when both
its neighbors are blue , shown in Figure 1b. The corresponding full Hamiltonian over all 4 variables
is shown in Figure 1c. Figure 1d shows the ground state of the system.
Constraints in the Quantum Flipping Game.Note that while the QOP formulation has quantum
states that span the 2𝑁 =16-dimensional space, the Hamiltonian shown in Figure 1c is quite sparse.
This sparsity arises because the Hamiltonian does not modify any chain configurations which con-
tain nodes colored red-red. States with such configurations, such as |𝐵𝐵𝑅𝑅⟩ and |𝑅𝑅𝑅𝐵⟩, do not
participate in the system dynamics and can not contribute to the ground state. We formalize this
as a constraint𝐶 shown in Figure 1e. This constraint evaluates to 1 when no adjacent pair is (1,1),
and 0 otherwise. This can be implemented as a diagonal projection that applies the identity operator
to valid states, and 0 to invalid states (defined as 𝑃 in Figure 1f).

3 Solving QCOPs/QOPswith Tensor Networks (TNs)

TheQCOPandQOPproblemformulations inSection2.3 introduceC𝐷
𝑁 statevectors andaC𝐷

𝑁 ×C𝐷
𝑁

Hamiltonian. Thus, to find the eigenvalues and eigenvectors of a Hamiltonian𝐻 , one in principle
would need to construct the full matrix which grows exponentially with 𝑁 , quickly making the cost
of storing and operating on it intractable. Even if𝐻 is sparse or has local structure, explicitly forming
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Reshape
®𝑠

𝐷 𝐷

𝐷

𝐷

≈
Factorize

boundary tensors boundary tensorsbulk tensors

𝐴1 𝐴2 𝐴3 𝐴4

𝑠1 𝑠2 𝑠3 𝑠4|𝑠1 |=𝐷 |𝑠2 |=𝐷 |𝑠3 |=𝐷 |𝑠4 |=𝐷

𝑏1 𝑏2 𝑏3

|𝑏1 |=𝐵 |𝑏2 |=𝐵 |𝑏3 |=𝐵

Fig. 2. MPS: Low-Rank Encoding of a state vector ®𝑠 ≈ ∏𝑁
𝑘=1𝐴𝑘 . For 𝑁 quantum variables each with 𝐷

states, the state vector size is 𝐷𝑁 . The MPS tensor 𝐴𝑘 stores the state of quantum variable 𝑥𝑘 on physical

dimension 𝑠𝑘 . Tensors𝐴𝑘 ,𝐴𝑘+1 have a shared dimension 𝑏𝑘 called the “bond dimension”. Its size (𝐵) captures

the number of ranks retained between neighboring𝐴𝑘s during factorization. The “boundary” tensors𝐴1,𝐴4
are𝐷×𝐵-dimensional and the “bulk” tensors in the middle𝐴2,𝐴3 are𝐷×𝐵×𝐵-dimensional.

𝐴1 𝐴2 𝐴3 𝐴4

𝑠1 𝑠2 𝑠3 𝑠4|𝑠1 |=𝐷 |𝑠2 |=𝐷

|𝑏1 |=𝐵 𝑏2 𝑏3
𝐴12 𝐴3 𝐴4

𝑠1 𝑠2 𝑠3 𝑠4
|𝑠1 |=𝐷 |𝑠2 |=𝐷

𝑏2 𝑏3

Fig. 3. Contraction of𝐴1 and𝐴2 nodes in theMPS results in a single tensor𝐴12 with dimensions𝐷×𝐷×𝐵.

the full C𝐷𝑁 ×C𝐷
𝑁 matrix would be infeasible for large 𝑁 . In quantummechanics, this is known as

the “curse of dimensionality”. To solve this issue, domain specialists decompose the Hamiltonian
and the state vector into more compact TN representations of the problem and use eigensolvers that
operate on a small group of local tensors of the TN.

3.1 Primer on TNs

3.1.1 Basic Concepts of TNs. TNs provide a mathematical framework for representing and manipu-
lating extremely large tensors by factorizing them into networks of smaller tensors. In this network,
nodes map to tensors, and the edges map to tensor dimensions. This framework mitigates the “curse
of dimensionality,” allowing many computations to be carried out with storage and time that scale
polynomially with system size.

Figure 2 presents a factorizationof the state vector ®𝑠 as aTN,wherewe label the node tensors aswell
as edge tensor dimensions and their sizes. The edges connected to a node determine the dimensions
of the tensor. For example, node𝐴1 has a dimension of size𝐷 with label 𝑠1, and a dimension of size
𝐵 with label 𝑏1. While the state vector ®𝑠 is of size 𝐷𝑁 and grows exponentially with increasing 𝑁 ,
this TN has (𝑁 −2) ·𝐷 ·𝐵2+2·𝐷 ·𝐵 elements and grows polynomially.
In this TN representation, when an edge connects two nodes, it describes a possible multiply-

accumulate operation over the dimension. Thus two TN nodes may be contracted or merged into
one node, eliminating a node and an edge from a graph. For example, if𝐴1 and𝐴2 were contracted,
the new node𝐴1,2 (shown graphically in Figure 3) stores the following𝐷×𝐷×𝐵 tensor:

𝐴1,2 [𝑠1,𝑠2,𝑏2]=
𝐵∑︁

𝑏1=0
𝐴1 [𝑠1,𝑏1]×𝐴2 [𝑠2,𝑏1,𝑏2]

This new node has three edges: two edges with size𝐷 and one edge with size 𝐵. If the TN is fully
contracted to a single node, the resulting vector will be the ®𝑠 ∈C𝐷

𝑁 .

3.1.2 TN Abstractions. Various TN algorithms operate on structured TNs that can be organized as
a network of matrix product state (MPS) and matrix product operator (MPO) constructs.
The Bond Dimension. For both MPS andMPO networks, the size of the dimension shared between
different tensors is a key parameter called the bond dimension. This parameter controls the allowed
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𝑂

𝑠′1

𝑠1

≈
Factorize

boundary tensors boundary tensorsbulk tensors

𝑂1 𝑂2 𝑂3 𝑂4

𝑠1 𝑠2 𝑠3 𝑠4

𝑠1 𝑠2 𝑠3 𝑠4

|𝑠1 |=𝐷 |𝑠2 |=𝐷 |𝑠3 |=𝐷 |𝑠4 |=𝐷

𝑏1 𝑏2 𝑏3
|𝑏1 |=𝐵 |𝑏2 |=𝐵 |𝑏3 |=𝐵

Fig. 4. 𝑀𝑃𝑂𝑂 : Low-rank TN (MPO) representation of an operator𝑂 that maps an input state ®𝑠 to an output
state ®𝑠′ over 𝑁 = 4 quantum variables, each with 𝐷 states. The full operator𝑂 ∈C𝐷

𝑁 ×𝐷𝑁
is factorized into

a product of local tensors {𝑂𝑘 }𝑁𝑘=1. Each tensor𝑂𝑘 has two free physical indices corresponding to the input
and output states of variable 𝑥𝑘 (denoted 𝑠𝑘 and 𝑠

′
𝑘
), and shares a bond index 𝑏𝑘 of dimension 𝐵 with tensor

𝑂𝑘+1. The bond dimension 𝐵 determines the number of ranks retained during factorization.

amount of interaction between system variables and thus determines the degrees of freedom of
each tensor and the accuracy of the TN approximation. Higher bond dimension size allows for more
accurate simulations, but longer simulation times, while lower bond dimensions result in lower
accuracy for faster simulations. End-users can tune this parameter to trade simulation fidelity against
computational cost.
Matrix Product States (MPS).Amatrix product state (MPS) TN (Figure 2) is a low-rank decom-
position of a vector. It is a 1D chain of tensor nodes where each node shares one common dimension
with its neighbors and one free dimension. The dimension shared between all the different nodes are
denoted by𝑏𝑖 . The size of this shared dimension, shown as 𝐵 in the figure, is the bond dimension. The
free edge of the node tensor𝐴𝑖 is the physical dimension denoted by 𝑠𝑖 . This dimension determines
the state assigned to variable 𝑥𝑖 , and its size is equal to the number of states 𝑥𝑖 can take (𝐷). In a QOP,
the state vector ®𝑠 is approximated as an MPS as follows:

®𝑠≈𝐴1 [𝑠1,𝑏1]
(
𝑁−1∏
𝑘=2

𝐴𝑘 [𝑠𝑘 ,𝑏𝑘−1,𝑏𝑘 ]
)
𝐴𝑁 [𝑠𝑁 ,𝑏𝑁−1]

WhenthisMPS is contracted intoa singlenode, it computes anapproximationof ®𝑠 . In thisMPS, the size
of shared indexes𝑏𝑖 (thebonddimension) is setby theuser for theTNalgorithm. In thisMPS, thebound-
ary tensors𝐴1,𝐴𝑁 are𝐷×𝐵-dimensional tensors and all other𝐴𝑖 are𝐷×𝐵×𝐵-dimensional tensors.
Matrix Product Operators (MPO).Amatrix product operator (MPO) TN (Figure 4) is a low-rank
decomposition of a matrix. It is a 1D chain of tensors where the 𝑖-th tensor determines how the
full operator modifies the state of a quantum variable 𝑥𝑖 . Similar to an MPS, in an MPO each tensor
contains one shared dimension with its up to two neighbours; the size of the shared dimensions is
the bond dimension. The MPO tensor, however, has two free indexes, which map the input state
represented by the index 𝑠𝑖 to the output state marked 𝑠′𝑖 . When an MPO is contracted down into
one node, the product of all the input indexes 𝑠𝑖 and the output indexes 𝑠′𝑖 forms the input/output
dimensions of the original matrix. We describe an MPO for an operator matrix𝑂 as the following:

𝑂 ≈𝑀𝑃𝑂𝑂 [𝑠→𝑠′,(1,𝑁 )]=𝑂1 [𝑠1,𝑏1,𝑠′1]
(
𝑁−1∏
𝑘=2

𝑂𝑘 [𝑠𝑘 ,𝑏𝑘−1,𝑏𝑘 ,𝑠′𝑘 ]
)
𝑂𝑁 [𝑠𝑁 ,𝑏𝑁−1,𝑠

′
𝑁 ]

The low-rank approximation of the Hamiltonian𝐻 can be represented with𝑀𝑃𝑂𝐻 , where the i’th
tensor isgivenby𝐻𝑖 .ThisMPOcomputes theC𝐷

𝑁 ×C𝐷
𝑁 Hamiltonianmatrix𝐻 whenfullycontracted.

Both the input/output indexes of the tensors𝐻𝑖 (given by 𝑠𝑖/𝑠′𝑖 ) have dimension𝐷 (the number of
states of the quantum variable) and the bond dimension size is 𝐵. For𝑀𝑃𝑂𝐻 , the boundary tensors
𝐻1 and𝐻𝑁 are𝐷×𝐵×𝐷-dimensional tensors and all other𝐻𝑖 are𝐷×𝐵×𝐵×𝐷-dimensional tensors.
ComposingMPSs/MPOs and calculating energy.MPSs andMPOs can be combined together
to perform linear algebra operations, as shown in Figure 5. Stacking an MPO on top of an MPS
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𝑂1 𝑂2 𝑂3 𝑂4

𝐴1 𝐴2 𝐴3 𝐴4

𝑠1 𝑠2 𝑠3 𝑠4
|𝑠1 |=𝐷 |𝑠2 |=𝐷 |𝑠3 |=𝐷 |𝑠4 |=𝐷

|𝑏1 |=𝐵′ |𝑏2 |=𝐵′ |𝑏3 |=𝐵′
𝐷 𝐷 𝐷 𝐷

|𝑏1 | =𝐵 |𝑏2 | =𝐵 |𝑏1 | =𝐵

Multiply MPOwith MPS
𝑂𝐴1 𝑂𝐴2 𝑂𝐴3 𝑂𝐴4

𝑠′1 𝑠′2 𝑠′3 𝑠′4

𝑏1 𝑏2 𝑏3
|𝑏1 |=𝐵×𝐵′ |𝑏2 |=𝐵×𝐵′ |𝑏3 |=𝐵×𝐵′

Fig. 5. Contraction of a MPS and MPO resulting in a new MPS with a higher bond dimension. The bond

dimension can be reduced by using decomposition and truncation of low-weight singular values.

performs amatrix-vectormultiplication over the decomposition of amatrix and a vector. Contracting
nodes vertically executes the matrix-vector multiply. Stacking an MPO on top of an MPO performs a
matrix-matrixmultiplication over the decomposedmatrices. Concatenating theHamiltonianMPO to
the state vectorMPS over both sets of free indexes, allows us to compute the energy ®𝑠†𝐻®𝑠 . Contracting
this network fully results in a scalar value that captures the energy of the system.

3.2 Solving QOPswith TNs

To mitigate the curse of dimensionality, TN-based eigensolvers operate directly on the TN repre-
sentation of the systemwithout fully expanding the network. These methods have controllable and
exactly evaluable errors for large systems, where the degree of approximation is set through the bond
dimension. In this formulation, a TN is constructed that computes 𝐸 (®𝑠)=®𝑠†𝐻®𝑠 , and various iterative
TN algorithms exist to find the ground state by manipulating the TN, strategically contracting nodes
to control memory usage in each iteration. These iterative algorithms produce an output MPS that
approximates the eigenvector with the smallest eigenvalue forH. Two popular algorithms for such
problems are the second generation Density Matrix Renormalization Group (DMRG) [62, 63] and
Time-Evolving Block Decimation (TEBD)[61]. DMRG is widely used to find ground states of strongly
coupled many-body systems and has also been extended to compute excited states and to simulate
dynamical, finite-temperature, and non-equilibrium systems [25, 65].

3.3 Solving the Color FlippingQCOP

Wewill solve the color flipping example as an unconstrained QOP and a QCOP using the imaginary-
time (it-)TEBD algorithm [56]. We use it-TEBD because it supports visualization of the intermediate
state of the chain at each step. This algorithm modifies the state ®𝑠 by applying an MPO derived
from the system Hamiltonian over sequential iterations. Each iteration suppresses high-energy
components of the state relative to the ground state, resulting in convergence.
Encoding Color Flipping as a TN.We first encode the Color Flipping Game as an unconstrained
TN over 𝑁 =4 quantum variables, each with𝐷 =2 states corresponding to blue (|0⟩) and red (|1⟩).
Rather than constructing the full 24 = 16-dimensional state vector and 16× 16 per-step operator
applied by the solver, we approximate them as anMPS and anMPO, respectively. We initialize the
MPS such that each site tensor𝐴𝑖 is set to [1,1] (a uniform superposition of |𝐵⟩ and |𝑅⟩). This is an
MPS with a bond dimension of 1 (Figure 6a). We choose this initial state to ensure that the starting
state has at least some overlap with the solution state. The it-TEBD algorithm applies the MPO
derived from the Hamiltonian tensor (𝑀𝑃𝑂𝑂 ) over multiple time steps, as shown in Figure 6b, with
a maximum allowed bond dimension of 16.

Figure 6d shows the probability of observing each state (y-axis) over the solver iterations (x-axis).
Because the invalid states do not interact with the unconstrainedHamiltonian, their state coefficients
remain unchanged initially. Over time, the valid states slowly start to dominate, pulling the system
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qvars x(N=4, D=2)
const Tensor d(2,2) = (1,0,0,0)
const Tensor X(2,2) = (0,1,1,0)
const Tensor T(8,8) = d*X*d
for(i=1;i<N-2;i+=1):

hamil_add(T@x(i)*x(i+1)*x(i+2))
for(i=1;i<N-1;i+=1):

constr_add ((x(i),x(i+1))!=(1 ,1))

(h) Masq code for Color Flipping Game

with constraints

Fig. 6. Solving theQuantumColor Flipping Game with imaginary time (it-)TEBD. (a) Initial MPS with bond

dimension 1, encoding all states as equally likely. (b) it-TEBD applies anMPO𝑂 derived from the Hamiltonian

(orange) for𝐾 =150 steps to find the ground state MPS. (c) With projection: the projectionMPO (green) prunes

invalid states before it-TEBD. (d–f) State probabilities across iterations for the three different approaches, all con-

verging to the ground state (Figure 1d). (g) Infidelitywith the analytical ground state. (h)Masq implementation.

toward convergence. This formulation converges to the ground state with a 10% relative error after
97 iterations and a 1% after 131 iterations.
State Constraints with Regularization. To exploit the problem structure, we augment the Hamil-
tonian with penalty terms that discourage adjacent red-red configurations. Specifically, for each
consecutive pair (𝑥𝑖 ,𝑥𝑖+1), we add a penalty term 𝜆 |1⟩⟨1| ⊗ |1⟩⟨1| with 𝜆=0.2. This penalty artificially
raises the energy of stateswhere variables𝑥𝑖 ,𝑥𝑖+1 are assigned the red-red state combination, biasing
the evolution away from this inactive subspace. Figure 6e shows the result of TEBDwith the aug-
mented Hamiltonian. We see that the penalty terms actively suppress the invalid states step-by-step,
reducing their effect much faster than the unconstrained formulation achieving a 10% relative error
after 78 iterations and 1% error from ground state after 107 iterations.
StateConstraintswithProjectionMPOs.Whilepenalty termsbias theevolutionawayfrominvalid
states, they only apply soft constraints and thus result in nonzero probability for invalid configura-
tions during optimization. Domain-specialists have previously devised a specialized projection MPO
(𝑀𝑃𝑂𝑃 ) that implements the projection operator 𝑃 (from Figure 1e) directly. This MPO zeros out the
state configurationswhere any sequential pair of quantumvariables is in red-red i.e. (𝑅,𝑅) configura-
tion [32]. ThisMPOhas bond dimension𝐵=2,where this bond acts as a two-state automaton carrying
the color of the current node to its neighbor: 𝑏𝑖 =0 indicates blue and 𝑏𝑖 =1 indicates red. A node in
state |𝑅⟩ is only permitted if its left neighborwas blue , i.e.𝑏𝑖−1=0.Applying this projectionMPOonce
to the initialMPS before it-TEBD, as shown in Figure 6c, zeroes out all invalid configurations from the
start. As seen in Figure 6f, the full it-TEBD optimization now operates entirely within the valid sub-
space and converges to a 10% errorwith ground state in just 68 iterations and 1% error in 101 iterations.
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Building theProjectionMPO.Wedescribe the tensors that formtheprojectionMPO: thefirst tensor
𝑃1, the bulk tensors𝑃2,𝑃3, and the last tensor𝑃4. Multiplying the tensors of the projectionMPO results
in the constraint projector (Figure 1f) that zeros out all configurations containing adjacent |𝑅⟩|𝑅⟩ pairs.

The first tensor 𝑃1 [𝑠1,𝑏1,𝑠′1] records the color of 𝑥1 into the bond 𝑏1:
𝑃1=1 at (0,0,0) and (1,1,1); 0 otherwise.

The bulk tensors 𝑃𝑖 [𝑠𝑖 ,𝑏𝑖−1,𝑏𝑖 ,𝑠′𝑖 ] for 𝑖 ∈ {2,3} allow the variable 𝑥𝑖 to be in state |𝐵⟩ regardless of the
incoming bond, but allow |𝑅⟩ only when the previous node was |𝐵⟩ (𝑏𝑖−1=0):

𝑃𝑖 =1 at (0, 𝑗,0,0) ∀𝑗 ∈ {0,1} and (1,0,1,1); 0 otherwise.

The last tensor 𝑃4 [𝑠4,𝑏3,𝑠′4] applies the same rule but has no outgoing bond:
𝑃4=1 at (0, 𝑗,0) ∀𝑗 ∈ {0,1} and (1,0,1); 0 otherwise.

Comparing Performance Figure 6g compares the relative error of the three schemes with respect
to the true ground state over 150 iterations. Regularization-based formulation improves simulation
accuracy and thus iteration counts over the unconstrained baseline. However, while the uncon-
strained case had a runtime of 0.65 seconds, Regularization requires an augmented Hamiltonian.
This increases the computational cost of each it-TEBD step, resulting in a higher total runtime of 1.31
seconds. The projection MPO formulation results in the lowest simulation error and lowest iteration
counts. It also does not artificially inflate theHamiltonian, and has a total runtime of just 0.69 seconds.

3.4 Constraint Programming for TNswith CoTenN andMasq

CoTenN can automatically construct the full TN, including the projection MPO, given the Masq
program for the QCOP in Figure 6h. In this program, line 1 declares a qvar creating a 4-dimensional
array of 2-state quantumvariables. Lines 2 and 3 declare the operators used in theHamiltonian. Line 4
constructs the Hamiltonian via hamil_add, which CoTenN automatically translates into the it-TEBD
Hamiltonian MPO. Line 5 encodes the state constraint via constr_add, which CoTenN automatically
translates into the required projection MPO, synthesizing tensors 𝑃1 through 𝑃4, from just one line
in Masq. CoTenN thus automatically synthesizes a TN implementation with an efficient constraint
encoding.

4 Masq Programming Language

Masq is a domain-specific language for writing QCOPs that are efficiently mappable to TNs with
CoTenN. A valid Masq constraint problem has the following properties:
• The QCOP can be efficiently mapped to a TN, solvable with TN algorithms like DMRG and TEBD.
• The QCOP constraints can be efficiently mapped to projection MPOs, which directly constrain
the state vector to only take on valid states.

Core Language. Table 1 presents the grammar for the core language. Masq supports defining
𝑁 -dimensional vectors of quantum variables with𝐷 states and constant tensors with qvar and const

tensor constructs. Hamiltonians comprised of products of constant tensors and quantum variables
are constructed with the hamil_add construct, and constraints may be added to the problem with
the constr_add construct. Masq supports declaring global and local constraints. While a quantum
variable can take multiple states, these constraints limit the valid state combinations allowed for
the quantum variables involved in the constraint. Global constraints operate on a sequential subset
of quantum variables at a time. Four kinds of global constraints are currently supported: (1) Sum
constraint, (2) Eigenvalue constraint, (3) Not Equals constraint, and (4) Exactly one equals constraint.
Local constraints operate over quantum variables with adjacent quantum variables. The constraint
operator indexes are checked statically. Local constraints restrict the allowed states for sequential
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quantum variables to obey some less than, greater than, less than equal to, greater than equal to,
equality or inequality conditions. An example of a local constraint is the "𝑥 (𝑖)<𝑥 (𝑖+1)" syntax that
imposes a constraint on quantum variables 𝑥𝑖 ,𝑥𝑖+1, uch that the state amplitude for all configurations
𝑥𝑖 ,𝑥𝑖+1= ( 𝑗,𝑘) where 𝑗,𝑘 ∈ {0...𝐷−1} is 0 if 𝑗 ≥𝑘 .
Static Checks. CoTenN performs several static checks to ensure Masq programs are well-formed:
▶ Shape Checking.Constant tensors are declared with a fixed shape and instantiated with data on dec-
laration. CoTenNensures that the size of the data corresponds to the shape of the tensor declared. The
inline tensor data is read to be written in a row-major format and is reshaped into the required shape.
Multiplying tensors in Masq results in outer (Kronecker) products. Thus for Hamiltonian terms

and writing eigenvalue constraints, if tensors are multiplied together, CoTenN computes the result
of the specified outer product and confirms that the shape of the resulting tensor will be compatible
with the shapes of the quantum variables it is multiplied with. Therefore, the dimension sizes of the
result of the outer product need to match the dimension size of the state vector over the quantum
variables in the product.
▶ Index Checking. ForMasq programs, CoTenNmakes two types of index checks. First, it checks that
no quantum variable, an array, tuple, or a tensor is accessed at an invalid location. Next, to ensure
successful compilation of constraints expressed in the Masq program, CoTenNmakes two more
assertions. All the variables used in a single constraint statement must belong to the same quantum
variablename.Next, it ensures that anyconstraint statement isdefinedoveronlyconsecutivequantum
variables. Thismeans that if𝑥𝑖 is involved in the constraint expression,𝑥𝑖+2 canonly be involved if𝑥𝑖+1
is also in the constraint. This ensures that the specified constraint can be lowered into an MPO form.
PythonEDSL.TheMasq language is implemented as a Python embedded domain-specific language.
Therefore, Masq programs can be programmatically constructed using loops and other control flow,
simplifying the process of encoding the constraint program. In the example code, we introduce
numeric for loops of the form for i in range(INT,INT,INT): as syntactic sugar for constructing the
Hamiltonian and problem constraints. In practice, these loops are unrolled into Masq statements.
We also introduce syntactic sugar for building tensors out of well-known constant matrices, such as
Identity 𝐼 , Pauli matrices (𝑋,𝑌,𝑍 ) for encoding of𝐷 =2 andmore generally the spinmatrices 𝑆𝑥,𝑆𝑦,𝑆𝑧.

4.1 CoTenNCompilation Flow and Execution Backend

TheMasq program is compiled into a TN by CoTenN in three steps. First CoTenNmaps all quantum
variables inMasq into anMPS. TheMPS characteristics like the dimension size for a variable and the
number of variables are chosen based on the qvar arrays. If multiple arrays are declared, CoTenN
concatenates them into one MPS by appending the variables of each array sequentially. Second, all
constant tensors are stored and used to build the Hamiltonian MPO or the constraint MPOs when
referenced. Third, CoTenN constructs theHamiltonianMPOby processing the hamil_add statements.
If the Hamiltonian contains only special operators (e.g., 𝑆𝑥,𝑆𝑦,𝑆𝑧), then it is lowered directly into
backend code.
For each constraint, CoTenN processes all terms individually and lowers the constraint to a

separate projection MPO that zeros out state combinations that violate the constraint specified.
Applyingmultiple constraints inMasq results in them being enforced in conjunction. This is because
CoTenN takes the entire set of constraint projection MPOs and multiplies them to get the total
effective projection operator 𝑃 . This operator is enforced for a TN eigensolver by first contracting
it with the initial MPS. For DMRG, it is also applied to the Hamiltonian by calculating the effective
Hamiltonian as 𝑃†𝐻𝑃 . We further discuss how each constraint equation is lowered into a projec-
tion operator in Section 5. Our compilation flow generates code for the ITensors library [16], and
uses its DMRG eigensolver implementation for our evaluation in Section 6. We use DMRG as the
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Table 1. Grammer for Masq

Masq Grammar

program := QCOP{Block}
Block := Stmt | Block; Stmt
Stmt := qvar QID (N= NUM , D= NUM ) | const tensor TensorID tuple<INT> = array<Complex>

| hamil_add( TensorProd@ qvarProd ) | constr_add( CstrStmt )
CstrStmt := EignCstr | SumCstr | NotEqCstr | ExactlyOneEqsCstr | QRelationCstr
EignCstr := TensorProd@ qvarProd == Complex * qvarProd

ExactlyOneEqsCstr := ExactlyOneEqs( tuple<QID> , INT ) NotEqCstr := tuple<QID> != tuple<INT>
SumCstr := qvarSum rel_op INT QRelationCstr := term rel_op term
qvarSum := INT * term + qvarSum | INT * term rel_op := < | > | <= | >= | == | !=

term := QID [ IDX ] qvarProd := term * qvarProd | term
tuple<T> := (list<T>) list<T> := T | list<T>, T

TensorProd := TensorID* TensorProd | TensorID array<T> := [list<T>]
Complex := NUM? +j NUM | NUM QID, TensorID := ID

ID := [A-Za-z_][A-Za-z0-9_]* INT := -?\d+

NUM := -? \d+(\.\d+)?([eE][-+]?+.)? IDX := \d+

target eigensolver, as it is the standard method for computing ground states of one-dimensional and
quasi-two-dimensional systems, which are the focus of our benchmarks.

4.2 Implementation

ITensors Backend. CoTenN targets ITensors[16] as the backend TN library due to its high-
performance tensor contraction routines and widespread use in quantum simulation. CoTenN
generates Julia code that expresses the Hamiltonian as a sum of terms; ITensors and other TN li-
braries can lower such expressions into anMPO directly. While we focus on ITensors in this work,
CoTenN’s tensor generation algorithms are backend-agnostic and can be extended to other TN
frameworks such as TenPy or cuTensorNet.
Eigensolver Configuration File. To solve QCOPs encoded in Masq, CoTenN generates code that
invokes a target TN eigensolver. Different target benchmarks and problem sizes generally require
different solver algorithms and settings. For example, DMRG requires specifying the number of
sweeps, maximum bond dimension, and convergence thresholds which determine the target solution
quality. Rather than hardcoding these choices directly in Masq or the CoTenN compiler, CoTenN
accepts an Eigensolver Configuration file that specifies the solver algorithm used and the corre-
sponding configuration settings. This enables decoupling the solver configuration from the QCOP
specification, with the compiler generating the appropriate invocation of the specified algorithm
(e.g., applying DMRGwith target bond dimensions and sweeps via ITensors [16]).

5 CoTenNConstraints

In this section, we define the constraints supported by Masq (with their rule for Table 1 in brackets).
All constraints are compiled into specialized MPOs called projection MPOs by CoTenN. A projection
MPO acts on a subsequence of variables (𝑥𝑖 )𝑖∈𝑆 , where 𝑆 = [𝑛,𝑚], that all operate on the same number
of states and masks out configurations that violate the target constraint, leaving all other variables
unchanged. We also provide a quick reference for the notation used to describe QOPs, QCOPs (from
Section 2), MPS andMPOs (from Section 3.1.2) and for constraint formulations for CoTenN in Table 2.
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Table 2. Notation quick-reference for QOP, QCOP, MPS, MPO and and constraints.

Symbol Description

Quantum Variables & State (Section 2.1)
𝑥𝑖 𝑖-th quantum variable with𝐷 orthogonal basis states {0,...,𝐷−1}.
®𝑠 ∈C𝐷𝑁 Full state vector over all𝑁 variables.
𝑠 [j] Amplitude for configuration j= ( 𝑗1,..., 𝑗𝑁 ) of (𝑥1,...,𝑥𝑁 ) ; 𝑃 (j) = | ®𝑠 [j] |2.
𝐻 ∈C𝐷𝑁 ×𝐷𝑁 Hamiltonian matrix encoding variable interactions.
𝐸 (®𝑠 ) = ®𝑠†𝐻 ®𝑠 Energy of state ®𝑠 ; minimized at ground state.
®𝑠opt Ground-state eigenvector (smallest eigenvalue of𝐻 ).
Matrix Product States (MPS) (Section 3.1.2)
𝐴𝑖 MPS tensor at site 𝑖 representing variable 𝑥𝑖 .
𝑠𝑖 =𝐷 Physical index of𝐴𝑖 , determining state of variable 𝑥𝑖 ; with | |𝑠𝑖 | | =𝐷 .
𝑏𝑖 Bond index between tensors𝐴𝑖 and𝐴𝑖+1; with | |𝑏𝑖 | | =𝐵.
𝐴𝑖 [𝑠𝑖 ,𝑏𝑖−1,𝑏𝑖 ] Entry of bulk MPS tensor (𝑖 ∈ (1,𝑁 )) with shape𝐷×𝐵×𝐵.
𝐴1 [𝑠1,𝑏1 ], 𝐴𝑁 [𝑠𝑁 ,𝑏𝑁 −1 ] Entry of boundary MPS tensors with shape𝐷×𝐵.∏

𝑖𝐴𝑖 Full MPS contraction ≈®𝑠 .
Matrix Product Operators (MPO) (Section 3.1.2)
𝑀𝑃𝑂𝑂 MPO encoding operator𝑂 .
𝑂𝑖 MPO tensor for operator𝑂 acting on variable 𝑥𝑖 .
𝑠𝑖 , 𝑠

′
𝑖

Input / output physical indices of𝑂𝑖 ; dimension𝐷 .
𝑂𝑖 [𝑠𝑖 ,𝑏𝑖−1,𝑏𝑖 ,𝑠′𝑖 ] Entry of bulk MPO tensor (𝑖 ∈ (1,𝑁 )) with shape𝐷×𝐵𝑂 ×𝐵𝑂 ×𝐷 .
𝑂1 [𝑠1,𝑏1,𝑠′1 ], 𝑂𝑁 [𝑠𝑁 ,𝑏𝑁 −1,𝑠′𝑁 ] Entry of boundary MPO tensors with shape𝐷×𝐵𝑂 ×𝐷 .
Sparse Tensor Specification (Section 5.1)
A= (𝑄,Σ,{𝛿𝑖 }𝑚𝑖=𝑛,𝑞0,𝐹 ) Step-dependent DFA lowered to a projection MPO.
supp(𝑇 ) Support set of tensor𝑇 : the set of index tuples where𝑇 ≠0.
1[ · ] Indicator function; 1 when predicate holds, 0 otherwise.

5.1 Finite Automata-Based CoTenNConstraints

Manyof the constraints supportedbyCoTenNcanbeexpressedas a step-dependent deterministicfinite
automatonA= (𝑄,Σ,{𝛿𝑖 }𝑚𝑖=𝑛,𝑞0,𝐹 )which can thenbe lowered to aprojectionMPO. For this automaton,
𝑄 is a finite set of states, Σ is a finite alphabet,𝛿𝑖 :𝑄×Σ→𝑄 is the transition function at step 𝑖 ,𝑞0 ∈𝑄 is
the initial state, and 𝐹 ⊆𝑄 is the set of accepting states. Given an input sequence (𝑣𝑛,...,𝑣𝑚) ∈Σ𝑚−𝑛+1,
wedefine𝑞𝑛−1=𝑞0 andcompute𝑞𝑖 =𝛿𝑖 (𝑞𝑖−1,𝑣𝑖 ) for 𝑖 =𝑛,...,𝑚 andaccept if𝑞𝑚 ∈𝐹 . This automatonauto-
matically rejectsastate forwhichsomerequiredvalid transition (i.e.,𝛿𝑖 (𝑞,𝑣)) isnotdefined.Weprovide
a method to translate these automata to projection MPOs in this section, and describe constraints us-
ing this automaton formulation.We provide proofs for MPO correctness and the semantic corectness
that the automata faithfully implement the target constraints in the paper’s supplementary material.
From Finite Automata to Projection MPOs The automata used to describe constraints map
directly to a binary-sparse projection MPO over quantum variables 𝑥𝑖 for 𝑖 ∈𝑆 . The alphabet of the
automaton corresponds to the set of values the target quantum variable can take, Σ= {0,...,𝐷−1}. The
states of the automaton (𝑄) correspond to the possible values of the bond dimension,where the size of
this bond dimension is given by |𝑄 |. The 𝑖-th tensor of the MPO encodes the automaton transition 𝛿𝑖 .
Each of the MPOs that can be described as automata leave the quantum state unchanged on accepted
configurations and project the rejected configurations for the automaton to zero. The MPO tensors
are binary-sparse: every entry is in {0,1}, and the input/output dimensions of these projection MPO
tensors are always 𝑠𝑖 =𝑠′𝑖 for every nonzero entry. Such a binary-sparse tensor T is 1 at all positions in
its support set (𝑠𝑢𝑝𝑝 (𝑇 )), which is the set of index tupleswhere𝑇 ≠0. Thus𝑇 [idx]=1[idx∈ supp(𝑇 )].
▶ First tensor. 𝑃𝑛 [𝑠𝑛,𝑏𝑛,𝑠′𝑛] encodes the initial transitions from 𝑞0 with transition function 𝛿𝑛 :

supp(𝑃𝑛)= {(𝑣,𝛿𝑛 (𝑞0,𝑣), 𝑣) | 𝑣 ∈Σ,𝛿𝑛 (𝑞0,𝑣) is defined}
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▶ Bulk tensors. 𝑃𝑖 [𝑠𝑖 ,𝑏𝑖−1,𝑏𝑖 ,𝑠′𝑖 ] for 𝑖 ∈ (𝑛,𝑚) encodes state-to-state transitions:
supp(𝑃𝑖 )= {(𝑣,𝑞,𝛿𝑖 (𝑞,𝑣), 𝑣) | 𝑣 ∈Σ,𝑞 ∈𝑄,𝛿𝑖 (𝑞,𝑣) is defined}

▶ Last tensor. 𝑃𝑚 [𝑠𝑚,𝑏𝑚−1,𝑠′𝑚] encodes transitions that reach an accepting state:
supp(𝑃𝑚)= {(𝑣,𝑞,𝑣) | 𝑣 ∈Σ,𝑞 ∈𝑄,𝛿𝑚 (𝑞,𝑣) ∈𝐹 }

The corresponding projection MPO propagates the automaton state left to right using bond indexes.

𝑀𝑃𝑂𝑃 [𝑠→𝑠′,𝑆]=𝑃𝑛 [𝑠𝑛,𝑏𝑛,𝑠′𝑛]×
𝑚−1∏
𝑖=𝑛+1

𝑃𝑖 [𝑠𝑖 ,𝑏𝑖−1,𝑏𝑖 ,𝑠′𝑖 ]×𝑃𝑚 [𝑠𝑚,𝑏𝑚−1,𝑠′𝑚]

Contracting this MPO is equivalent to running the automaton where only configurations that reach
an accepting state survive. We now define each constraint by specifying its automaton.
5.1.1 Linear Algebra Constraint (SumCstr). The linear algebra constraint asserts the weighted sum
of a group of quantum variables is less than or equal to𝑊 , where𝑊 and𝑤𝑖 are non-negative integers:∑︁

𝑖∈𝑆
𝑤𝑖𝑥𝑖 ≤𝑊

This constraint generalizes the capacity constraint from the Knapsack problem [26].
▶Automaton. The automaton tracks the remaining capacity after processing each variable.
• States:𝑄 = {0,1,...,𝑊 }, representing the remaining capacity.
• Initial state: 𝑞0=𝑊 .
• Transitions: 𝛿𝑖 : (𝑞,𝑣) ↦→𝑞−𝑤𝑖 ·𝑣 , defined only when 𝑞−𝑤𝑖 ·𝑣 ≥ 0
• Accepting states: 𝐹 =𝑄 (all states accepted; a sum greater than𝑊 results in invalid transition).

▶MPO Implementation.This automaton is translated to the𝑀𝑃𝑂𝐿𝐴whichwill have a bond dimension
of𝑊 +1. This constraint can also be easily extended for more cases: for strict equality the accepting
states 𝐹 = {0}, for strict inequality (<𝑊 ), we can subtract 1 from𝑊 . For

∑
𝑎𝑖𝑥𝑖 ≥𝑊 , a symmetric

constraint can be constructed which tracks the accumulated sum and accepts at the last site if ≥𝑊 .
5.1.2 NotEqualsConstraint (NotEqCstr). This constraint asserts that a sequenceofquantumvariables
is not equal to a target configuration [𝑤𝑛,...,𝑤𝑚] where each𝑤𝑖 ∈ [0,𝐷−1]:

(𝑥𝑛,𝑥𝑛+1,...,𝑥𝑚)≠ [𝑤𝑛,𝑤𝑛+1,...,𝑤𝑚]

This constraint is derived from the PXPModel [27, 32].
▶Automaton. The automaton tracks whether a mismatch has been seen.
• States:𝑄 = {0,1}, where 1 means “all matched so far” and 0 means “at least one mismatch.”
• Initial state: 𝑞0=1.
• Transitions: 𝛿𝑖 : (𝑞,𝑣) ↦→𝑞 for 𝑣 =𝑤𝑖 ; (𝑞,𝑣) ↦→0 for 𝑣 ≠𝑤𝑖
• Accepting states: 𝐹 = {0} (accept only if at least one mismatch occurred).

▶MPO Implementation. This can be mapped to a MPOwith bond dimension of 2. CoTenN can in
some special cases combine multiple Not Equals Constraint MPOs together when they all involve
just 2 variables.
5.1.3 Exactly One Equals Constraint (ExactlyOneEqs). This constraint asserts that exactly one vari-
able in a sequence equals𝑤 ∈ [0,𝐷−1]:

∃𝑗∈[𝑛,𝑚] (𝑥 𝑗 =𝑤) ∩∀𝑘∈𝑆\{ 𝑗 } (𝑥𝑘 ≠𝑤)

The travelling salesman problem [2] over D=N cities applies this constraint for all𝑤 ∈ [0,𝑁 ).
▶Automaton. The automaton counts howmany times𝑤 has been seen (up to 1).
• States:𝑄 = {0,1}, where 0 means “not yet seen𝑤” and 1 means “seen𝑤 exactly once.”
• Initial State: 𝑞0=0.
• Transitions: 𝛿𝑖 : (𝑞,𝑣) ↦→𝑞 for 𝑣 ∈Σ\{𝑤}; (0,𝑤) ↦→1 (𝛿𝑖 (1,𝑤) is not defined)
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• Accepting states: 𝐹 = {1} (accept only if exactly one match occurred).
▶MPO Implementation. This can be implemented with a bond dimension of 2. In case of travelling
salesman with 𝑁 cities and 𝑁 time steps 𝑁 such projection MPOs are applied.

5.1.4 Inequality Constraint (QRelationCstr). This constraint enforces a relational condition between
two consecutive variables, for op∈ {≥,≤,<,>,==,≠}:

𝑥𝑖 op𝑥𝑖+1

▶Automaton. The automaton records the value of 𝑥𝑖 and checks it against 𝑥𝑖+1.
• States:𝑄 = {0,...,𝐷−1}, storing the value of the first variable.
• Initial state: 𝑞0=0 (This state is unused as the transition just records 𝑣).
• Transitions: 𝛿𝑖 (𝑞,𝑣)=𝑣 (record 𝑥𝑖 ). 𝛿𝑖+1 (𝑞,𝑣)=𝑞, defined only when 𝑞 op𝑣 .
• Accepting states: 𝐹 =𝑄 (all states accept; rejection happens via undefined transitions in 𝛿𝑖+1).

▶MPO Implementation.This is a 2-nodeMPOwith bonddimension equal to number of states for𝑥𝑖 (𝐷).

5.2 Symmetry-Based Eigenvalue Constraints (EignCstr)

Unlike the generalized constraints, the eigenvalue constraint does not correspond to a classical finite
automaton because the tensor entries are𝐷×𝐷 operators rather than binary values. This constraint
asserts that the state is an eigenvector of a Kronecker product of local operators with eigenvalue 𝑐:

𝑚⊗
𝑖=𝑛

𝑇𝑖 ·®𝑠 =𝑐®𝑠

▶MPOImplementation. It canbe implementedasMPOwhere thebond index selects a specificoperator
block on each site. The operator

⊗𝑚

𝑖=𝑛𝑇𝑖 acts on variables 𝑥𝑖 ∈ [𝑛,𝑚] and can be formulated as:

𝑀𝑃𝑂𝐸𝐺 [𝑠→𝑠′,𝑆]=𝐸𝐺𝑛 [𝑠𝑛,𝑏𝑛,𝑠′𝑛]×
𝑚−1∏
𝑖=𝑛+1

𝐸𝐺𝑖 [𝑠𝑖 ,𝑏𝑖−1,𝑏𝑖 ,𝑠′𝑖 ]×𝐸𝐺𝑚 [𝑠𝑚,𝑏𝑚−1,𝑠′𝑚]

For an operator
⊗𝑚

𝑖=𝑛𝑇𝑖 with eigenvalues𝐶 where 𝑐 ∈𝐶 , we get a product of MPOs that each prune
an unwanted eigenvalue:

𝑀𝑃𝑂𝐸𝐺 =
∏

𝑐′∈𝐶\{𝑐 }
𝑀𝑃𝑂𝐸𝐺,𝑐′ where 𝑀𝑃𝑂𝐸𝐺,𝑐′ =

(⊗
𝑖

𝑇𝑖−𝑐′ ·𝐼
)

▶MPONode Tensors. The node tensors are block-sparse: for each bond index value, the (𝑠𝑖 ,𝑠′𝑖 ) block is
either a𝐷×𝐷 operator or zero. For simplicity we show𝑀𝑃𝑂𝐸𝐺 for the case𝐶 = {𝑐,𝑐′}. The first tensor
𝐸𝐺𝑛 [𝑠𝑛,𝑏𝑛,𝑠′𝑛], the tensors 𝐸𝐺𝑖 [𝑠𝑖 ,𝑏𝑖−1,𝑏𝑖 ,𝑠′𝑖 ] where 𝑖 ∈ (𝑛,𝑚) and the last tensor 𝐸𝐺𝑚 [𝑠𝑚,𝑏𝑚−1,𝑠′𝑚] are:

𝐸𝐺𝑛 [·,𝑏𝑛,·]=
{
−𝑐′𝐼 if 𝑏𝑛 =0
𝑇𝑛 if 𝑏𝑛 =1

𝐸𝐺𝑖 [·,𝑏𝑖−1,𝑏𝑖 ,·]=
{
−𝑐′𝐼 if 𝑏𝑖−1=𝑏𝑖 =0
𝑇𝑖 if 𝑏𝑖−1=𝑏𝑖 =1

𝐸𝐺𝑚 [·,𝑏𝑚−1,·]=
{
−𝑐′𝐼 if 𝑏𝑚−1=0
𝑇𝑚 if 𝑏𝑚−1=1

6 Results

In this section, we discuss the advantages of using CoTenN generated TNs to solve QCOPs. We
evaluate on two physics benchmarks with constraints expressed with Masq. In Section 6.1, we first
describe the two benchmarks that can be understood as QCOPs. We describe the experimental setup
in Section 6.2. Finally, we describe the speedups achieved by CoTenN for QCOPs in Section 6.3 and
the benefits of using CoTenN for problems that can be modeled without constraints in Section 6.4.

6.1 Benchmark PhysicsModels

We evaluate CoTenN on two representative models that capture distinct and commonly occurring
constraint classes: implicit symmetry-based and local structured constraints. Because there is no
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qvars x(N=66, D=3)
const Tensor Hi(81, 81) = exp(i*pi*Sy)*exp(i*pi*Sx)*exp(i*pi*Sx)*exp(i*pi*Sy)
for(i=1; i<N; i+=2): hamil_add(Sz*Sz @ x(i)*x(i+1))
for(i=1; i<N-2; i+=2): hamil_add(Sx*Sx @ x(i)*x(i+3))
for(i=1; i<N-2; i+=2): hamil_add(Sy*Sy @ x(i+1)*x(i+2))
for(i=1;i<N-1;i+=2):

constr_add(Hi@x(i)*x(i+1)*x(i+2)*x(i+3) = -1@x(i)*x(i+1)*x(i+2)*x(i+3))

Fig. 7. Masq Program for Kitaev(1,1)with 32 Plaquettes (N=66 quantum variables with D=3 states).

qvars x(N=100, D=3)
const Tensor P01(3, 3) = [1, 0, 0, 0, 0, 0, 0, 0, 0]
const Tensor P10(3, 3) = [0, 0, 0, 0, 1, 0, 0, 0, 0]
const Tensor P00(3, 3) = [0, 0, 0, 0, 0, 0, 0, 0, 1]
const Tensor RP(3, 3) = [1, 0, 0, 0, 0, 0, 0, 0, 1]
const Tensor LP(3, 3) = [1, 0, 0, 0, 1, 0, 0, 0, 0]
const Tensor Xp(3, 3) = [0, 0, 1, 0, 0, 0, 1, 0, 0]
const Tensor Px(3, 3) = [0, 1, 0, 1, 0, 0, 0, 0, 0]
hamil_add(Xp @ x(1))
for(i=1; i<N-1; i+=2): hamil_add(Px*LP @ x(i)*x(i+1))
for(i=1; i<N-1; i+=2): hamil_add(RP*Xp @ x(i)*x(i+1))
hamil_add(Px @ x(N))
for(i=0; i<N-1; i+=1): constr_add ((x(i), x(i+1)) != (1, 2))

Fig. 8. Masq program for the PXPmodel with 200 atoms with spin 1 (D=3).

standardizedphysicsbenchmarksetwithwithexplicitly formalizedconstraints,weworkwithdomain
specialists to reformulate their physical intuitions as hard constraints, expressible with Masq.

6.1.1 Kitaev LadderModel. TheKitaev Ladder [10] is a simplified version of theKitaevmodel on hon-
eycomb lattice [29].Higher-spinKitaevLaddercannotbesolvedexactly, and it requiresalgorithms like
DMRG tofind the ground state. Figure 7 presents aMasqprogram for theKitaevmodel for a 32 plaque-
tte, spin 1 system with a target eigenvalue. The number of plaquettes determine the number of quan-
tumvariables, and thespinsets thenumberof states (spin 1

2 ⇒D=2, spin1⇒D=3).Theconstraint spec-
ifies the target eigenvalue, and the shorthand Kitaev(z,k) is used to instantiate model with a target
eigenvalue of k and a spin of z. We implement three Kitaev ladder variants withMasq for evaluation:
• Regularization: The eigenvalue constraint is encoded with a regularization term into the Hamil-
tonian. This implementation is what is used for state-of-the-art simulations of the model.

• Projection MPO: The target eigenvalue constraint is encoded with a projectionMPO using cstr_add
(pictured above). This is a new problem encoding developed with CoTenN’s compiler.

• Unconstrained: The constraint is removed, producing a solution with a +1 eigenvalue.
▶ In Prior Work. The Kitaev Lattice model enforces plaquette symmetry constraints via eigenvalue
conditions, expressible as EignCstr in Masq. This constraint arises from commutation relationships
on the Hamiltonian [10]. In prior work, these constraints are enforced only through regularization.

6.1.2 PXPModel. The PXPmodel is used to approximate Rydberg atoms in the "nearest-neighbor
blockade regime" [27, 32]. In this scenario, each Rydberg atom can be modeled as a two-level system
where only certain state oscillations are allowed. This spin constraint prevents adjacent atoms
from simultaneously being in excited states. So two neighboring quantum variables cannot be in
state |11⟩. Figure 8 presents the Masq program for the PXP model formulation that uses 3-state
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quantum variables to model 2 state atoms to better capture spin constraints[32]. In our formulation,
we construct a PXPmodel with 100 variables that map to 200 atoms.
• Regularization: The spin constraints are implemented as regularization terms and added to the
Hamiltonian. This implementation iswhat is used for state-of-the-art simulations of this PXPmodel.

• Projection MPO: The spin constraints are implemented as a projection MPO using cstr_add (see
above figure). This is a new problem encoding developed with CoTenN’s compiler.

▶ In PriorWork.ThePXPmodel [32] enforces local exclusion constraints on adjacent spins, expressible
asNotEqCstr inMasq.These constraints naturally arise from theRydbergblockade regimepresent in
thematerial. Priorworkprovidesahand-constructedMPOfor𝐷 =2anda tensorexpression (butnotan
MPO) for𝐷 =3. These hand-craftedMPOs are equivalent to our CoTenN-generated projectionMPOs.

6.2 Experimental Setup

Benchmarks.To assess the impact of usingCoTenN-generated projectionMPOon simulator perfor-
mance,we compare theKitaev and PXPmodels that useMasq’s built-in constraint operators (marked
as Kitaev(z, k)-Proj/PXP-Proj), against baselinemodels that regularize the Hamiltonian (marked as
Kitaev(z,k)-Reg/PXP-Reg). A penalty coefficient of 𝜆=100.0 is used for regularization. This penalty
coefficientwaschosenas it ensured the result didnotviolate thegivenconstraints acrossproblemsizes.
▶ Regularization Baseline. Regularization is a widely used approach for incorporating constraints in
quantum simulation [5–7, 12, 22]: it suppresses invalid configurations by adding penalty terms to the
Hamiltonian, and is broadly applicable even when no efficient bespoke encoding of the constraint
is known. It thus serves as a natural baseline, as it represents the default approach available to
practitioners without access to automated constraint compilation.
Experiments. In this work, we formulate two different ways of encoding constraints: using regu-
larization and using automatically synthesized projectionMPOs. Both are implemented inMasq and
compiled through CoTenN to a TN that is then supplied to the ITensors [16] Julia library and solved
with itsDMRGeigensolver,whichfinds the ground states of the system.This ensures the performance
differences reflect the choice of constraint encoding rather than implementation-level variation.
We run all experiments on an Intel 12th Gen i7-12700H CPUwith a 64-bit x86 instruction set, 10

physical cores, and a 24MB LLC. The truncation cutoff value for DMRG is set to 10−10, and the termi-
nation cutoff value is set to 10−4. The truncation cutoff determines the minimum possible eigenvalue
retained during decomposition for DMRG, and the termination cutoff determines when to stop the
DMRG algorithm. For MPO projection executions, the DMRG algorithm is iteratively executed until
the energy improvements diminish (𝐸𝑃𝑟𝑜 𝑗 [𝑙−1]−𝐸𝑃𝑟𝑜 𝑗 [𝑙] <10−4). For regularization executions, the
DMRG algorithm runs until the energy is close enough to the projection execution’s lowest energy
(𝐸𝑅𝑒𝑔 [𝑙]−𝐸𝑃𝑟𝑜 𝑗 <10−4). This ensures a favorable stopping condition for the regularization baseline, al-
lowing its execution to terminateearlyas soonas it canfindagroundstatewithanenergy levelnear the
projection-basedmethod’s result.We also set amaximumnumber of iterations to ensure termination.

The total DMRG runtime can depend on the random initial MPS, the number of internal optimiza-
tion operations per sweep, and system-level effects such as multithreaded scheduling. Thus, we run
both configurations with 5 different random seeds and for each regularization run, use the target
energy from the corresponding projection run with the same seed for all benchmarks.
Metrics. For each evaluation setting, we report the average number of DMRG iterations (Num
Iters), the geometric mean time for the first DMRG sweep (Setup Avg) and the geometric mean
time of the entire DMRG process (Total Avg). Overheads associated with starting Julia and JITing
the program are excluded from these performance measurements. We compute for each run the
Simulation Speedup ((𝑡reg−𝑡reg,setup)/(𝑡proj−𝑡proj,setup)) and the Total Speedup (𝑡reg/𝑡proj) for each run,
where 𝑡reg,𝑡reg,setup are the total time and first sweep time for the regularized run and 𝑡proj,𝑡proj,setup
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Table 3. Performance of Regularized vs ProjectionMPO for Spin-1/2 Model.

Model Config. Kitaev( 1
2, -1)-Reg Kitaev( 1

2, -1)-Proj Speedup
# Vars Bond Num Setup Total Num Setup Total Simulation Total

Dim Iters Avg Avg Iters Avg Avg 𝑡reg−𝑡reg,setup
𝑡proj−𝑡proj,setup

𝑡reg
𝑡proj

34 10 54.00 17.35 30.41 6.20 6.83 9.05 4.96–7.88 (5.84×) 2.82–3.77 (3.31×)
20 113.20 16.11 46.64 4.00 7.36 10.14 8.23–15.13 (11.07×) 3.79–6.05 (4.60×)
40 169.20 18.44 158.30 4.00 8.00 13.57 22.09–28.83 (25.17×) 10.01–13.44 (11.67×)
80 187.40 18.82 478.50 4.00 6.74 18.93 24.36–49.91 (38.89×) 18.25–33.09 (24.60×)

66 10 134.40 16.73 40.68 5.20 6.50 10.08 3.31–14.88 (6.42×) 2.72–7.19 (4.04×)
20 180.60 18.25 131.53 5.00 6.32 10.65 15.83–55.85 (26.05×) 7.47–22.05 (12.34×)
40 250.00 18.72 478.24 4.20 5.94 13.80 45.95–76.60 (58.75×) 28.31–39.58 (34.65×)
80 250.00 19.12 1521.95 4.20 5.94 31.37 40.21–66.48 (59.27×) 34.95–53.32 (48.51×)

130 10 139.20 16.29 58.41 7.00 8.05 16.46 2.65–8.89 (4.84×) 2.26–5.43 (3.56×)
20 160.80 17.84 235.45 6.00 8.82 23.71 10.83–19.04 (14.73×) 8.00–12.09 (9.93×)
40 250.00 16.66 919.16 5.00 9.24 39.72 25.83–33.82 (29.66×) 19.50–26.97 (23.14×)
80 250.00 17.94 3280.02 4.60 7.83 86.50 30.87–46.93 (39.40×) 28.85–41.97 (35.97×)

Table 4. Performance of Regularized vs ProjectionMPO for Spin-1 Model

Model Config. Kitaev(1, -1)-Reg Kitaev(1, -1)-Proj Speedup
# Vars Bond Num Setup Total Num Setup Total Simulation Total

Dim Iters Avg Avg Iters Avg Avg 𝑡reg−𝑡reg,setup
𝑡proj−𝑡proj,setup

𝑡reg
𝑡proj

34 10 61.4 16.85 33.24 9.2 8.62 13.55 1.94–8.50 (3.33×) 2.14–2.79 (2.45×)
20 50.8 16.95 50.18 10.0 7.76 22.16 2.01–2.63 (2.30×) 2.05–2.37 (2.26×)
40 99.4 16.98 163.86 10.0 8.50 54.51 2.69–3.64 (3.19×) 2.59–3.38 (3.01×)
80 208.4 16.92 1213.52 10.0 7.83 189.28 4.87–7.99 (6.60×) 4.76–7.80 (6.41×)

66 10 92.0 17.92 53.49 10.0 8.02 18.50 2.38–6.84 (3.32×) 2.21–4.80 (2.89×)
20 81.4 16.96 110.47 10.0 8.39 35.53 2.87–4.01 (3.45×) 2.67–3.58 (3.11×)
40 153.2 16.86 486.22 10.0 8.95 119.62 3.48–5.27 (4.24×) 3.39–4.99 (4.06×)
80 177.8 15.77 2206.77 10.0 9.163 460.86 3.58-5.72 (4.84×) 3.54–5.65 (4.78×)

130 10 91.4 19.17 90.03 10.0 8.382 27.28 2.59–8.08 (3.75×) 2.51–6.20 (3.30×)
20 97.8 20.12 270.27 10.0 9.85 62.39 4.34–5.24 (4.76×) 3.95–4.70 (4.33×)
40 150.2 16.44 895.08 10.0 10.79 201.10 4.12–4.92 (4.62×) 4.00–4.73 (4.45×)
80 213.2 15.40 4938.35 10.0 10.00 914.61 5.32–6.90 (6.01×) 5.26–6.84 (5.96×)

is the total time and the first sweep time for the corresponding projection MPO-based run. For both
Simulation and Total Speedup, we report the minimum, maximum and the geometric mean across
runs (min–max (geomean)). To measure fidelity, we report the geometric mean of the truncation
error (Trunc. Error) and system error (Sys. Error). Truncation error is the maximum amount of error
arising from factorization during DMRG solve, and estimates how well a MPS approximates the
exact solution. System error estimates the degree to which a constraint is violated. To report fidelity
improvement, we compute the ratio of errors TruncErrReg/TruncErrProj, SysErrReg/SysErrProj.

6.3 Performance Analysis

6.3.1 Kitaev ladderModel. Wecompare the results of Kitaev( 1
2,-1)-Proj to Kitaev( 1

2,-1)-Reg inTa-
ble3andKitaev(1,-1)-ProjwithKitaev(1,-1)-Reg inTable4acrossmultiple spins, bonddimensions,
andplaquette sizes.Toensure iso-accuracycomparisons, for each seed, theprojectionMPOprogram is
executed first for amaximumof 10 iterations, and then the regularized program is executed for amaxi-
mumof 250 iterations until it finds a comparable solution.We report the average number of iterations,
the geometric means of the setup and total times, and the min, max, and geometric mean of speedups.
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Table 5. Performance of PXPModel for Regularized and projectionMPO formulations with average ground

state iterations (Grd Itrs) and excited state search iteration counts (Ext Itrs).

PXP-Reg PXP-Proj Speedup
Bond Grd Ext Setup Total Grd Ext Setup Total Simulation Total
Dim Itrs Itrs Avg Avg Itrs Itrs Avg Avg 𝑡reg−𝑡reg,setup

𝑡proj−𝑡proj,setup
𝑡reg
𝑡proj

20 100 100 12.33 91.53 9.6 10 18.15 14.67 6.14–6.69 (6.43×) 4.85–5.22 (5.04×)
40 100 90.6 11.64 340.04 7.8 10 5.92 44.68 6.34–10.40 (7.75×) 5.82–9.14 (7.04×)
80 100 96.0 11.69 1167.97 6.6 10 6.21 158.43 6.56–8.28 (7.65×) 6.40–8.03 (7.43×)
160 100 100 12.93 5968.22 6.0 10 6.34 698.64 7.38–9.38 (8.60×) 7.34–9.30 (8.54×)

For Kitaev( 1
2,-1), the geometric mean of the simulation speedups ranges between 4.84×–59.2×

and of the total speedups ranges between 3.31×–48.51× for Proj execution compared to the Reg-based
TN execution. Across all evaluation settings and runs the simulation speedup varies between 2.65×–
76.60× and total speedup varies between 3.31×–48.51×. For Kitaev(1 ,-1), the geometric mean for
the simulation time speedup ranges between 2.30×–6.60× and for the total speedups ranges between
2.45×–6.41× for Proj execution compared to the Reg-based TN execution. Across all evaluation
settings and runs, simulation speedups varies between 2.01×–8.50× and geomean total speedups vary
between 2.05×–7.80×. Generally our performance numbers increasewith increasing bond dimension.
For higher 𝐷 problems, performance trends can be less predictable. One reason is that DMRG

implementations for TN libraries generally do not enable sparse tensors, while using projection
MPO operation can yield large sparse matrices, resulting in higher traffic. Using compressed rep-
resentations for sparse Hamiltonians can substantially reduce their memory overhead and improve
performance. ITensors library [16] has a block-sparse backend, though currently it is restricted to
quantum-number constraints. Library developers are actively rewriting and expanding this infras-
tructure, with plans to expose it for more general use. Once these capabilities are available, CoTenN
can directly target them to achieve additional performance gains.

6.3.2 PXP Model. Table 5 presents the performance improvements with PXP-Proj compared to
PXP-Reg across bond dimensions ranging from 20 to 160. For each configuration, each PXP run calls
DMRG twice: once to compute the ground state, and a second time with a penalty term to obtain the
first excited state in order to calculate the energy gap. We cap the maximum number of iterations at
10 for the projectionmodel and 100 for the regularized baseline. The table reports the average number
of iterations required to reach the ground state (Grd Itrs) and excited state (Ext Itrs), along with the
geometricmeanof runtimes.As the bonddimension increases, the performance advantage of the Proj
approach becomes more pronounced; the geometric mean speedup (averaged over 5 runs) increases
from 6.43× to 8.60× for simulation time, and from 5.04× to 8.54× for total runtime. Across all configu-
rations, the Proj executions consistently converge to the ground state in fewer than 10 iterations and
find the excited state in 10 iterations. In contrast, the Reg executions require the full 100 iterations to
reach a comparable ground state and on average 90.6—100 iterations to obtain the first excited state.

6.4 Analysis of Effect of Projections on Search Space

Wenext investigate the utility of the projection operator in narrowing the search space to find the un-
constrained ground state. We compare the Kitaev(z,+1)-Proj and Kitaev(z,+1)-Uncstr executions
for a 64 plaquette (130 variable) system across bond dimensions 10–80. For finding this solution state,
Proj execution will only search over valid states, while the Uncstr execution searches over all states.

Table 6 presents the results for spin z= 1
2 , and Table 7 presents the results for spin z=1 Kitaev model.

In the spin z= 1
2 case, the geometric mean of the simulation speedup ranges between 2.47–20.80×

and the geometric mean of total speedup ranges between 2.66–8.28×. We also achieve a 2.08 ·103
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Table 6. Effect of projectionMPO on ground state quality for spin
1
2 Kitaev model with 64 plaquettes (𝑁 =130).

Bond Dimension

Kitaev(
1
2 , +1) Metric 10 20 40 80

Unconstrained
(Unstr)

Num Iters 250 5 7 10
Setup Avg 17.816 24.931 23.182 17.235
Total Avg 82.717 40.565 52.666 145.239
Trunc. Error 7.596 ·10−5 1.672 ·10−6 2.844 ·10−8 2.177 ·10−10

Sys. Error 1.708 ·10−3 7.210 ·10−5 1.073 ·10−3 2.177 ·10−10

MPO
Projection
(Proj)

Num Iters 3 3 3 3
Setup Avg 7.027 6.871 6.882 8.034
Total Avg 9.985 12.085 18.884 36.026
Trunc. Error 3.655 ·10−8 9.345 ·10−12 1.144 ·10−15 1.144 ·10−15

Sys. Error 7.664 ·10−12 1.048 ·10−12 1.972 ·10−10 2.103 ·10−10

Metric 10 20 40 80

Aggregated
Improvements

Simul. Speedup 18.58–24.43 (20.80×) 2.49–4.66 (2.97×) 2.14–2.89 (2.47×) 2.31–3.08 (2.63×)
Total Speedup 7.87–9.06 (8.28×) 2.53–5.08 (3.26×) 2.37–3.15 (2.78×) 2.39–3.02 (2.66×)
Trunc. Error Red. 2.08 ·103× 1.79 ·105× 2.49 ·107× 1.90 ·105×
Sys. Error Red. 2.23 ·108× 6.88 ·105× 5.44 ·106× 2.55 ·106×

Table 7. Effect of projectionMPO on ground state quality for spin 1 Kitaev model with 64 plaquettes (𝑁 =130).

Bond Dimension

Kitaev(1, +1) Metric 10 20 40 80

Unconstrained
(Unstr)

Num Iters 250 250 8.4 10
Setup Avg 17.582 17.807 17.220 17.688
Total Avg 85.352 425.436 59.989 182.776
Trunc. Error 3.145 ·10−3 5.816 ·10−4 5.612 ·10−5 1.708 ·10−6

Sys. Error 7.617 ·10−5 7.427 ·10−6 3.000 ·10−7 9.610 ·10−4

MPO
Projection
(Proj)

Num Iters 9.6 9.8 10 10
Setup Avg 7.807 8.393 9.119 9.805
Total Avg 26.675 56.530 203.987 680.930
Trunc. Error 3.577 ·10−4 2.825 ·10−4 7.258 ·10−6 1.801 ·10−7

Sys. Error 2.082 ·10−6 2.267 ·10−8 5.719 ·10−8 7.710 ·10−8

Metric 10 20 40 80

Aggregated
Improvements

Simul. Speedup 0.61–6.11 (3.25×) 7.25–9.82 (8.45×) 0.18–0.31 (0.22×) 0.22–0.22 (0.22×)
Total Speedup 1.17–4.93 (3.20×) 6.52–8.59 (7.50×) 0.25–0.39 (0.29×) 0.23–0.23 (0.23×)
Trunc. Error Red. 0.88× 2.06× 7.73× 7.77×
Sys. Error Red. 36.57× 3.276 ·102× 5.906 ·104× 6.12 ·104×

to 2.49 · 107 reduction in the geometric mean of the truncation error, and a 6.88 · 105 − 2.23 · 108
reduction in geometricmean of the system error. Generally speaking, using projectionMPOs enabled
the TN to find better ground state estimates while using a smaller bond dimension. For the z=1
case, the geometric mean of the simulation speedups is 3.25×, 8.45× and the geometric mean of the
total speedups is 3.20×, 7.50×, respectively, for smaller bond dimension cases (10, 20). We see high
speedups with smaller bond dimensions as the Proj execution can find much better approximations
of the ground state, while Uncstrwas stuck in local minima due to the small bond dimension. For
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Table 8. Summary of bespoke constraints from literature and CoTenN constraints that cover them.

Bespoke Constraint Library/Solver Support CoTenN Constraint Our Contributions
name MPO form ITensors Solver name section newMPO General
Quantum Number [36, 43] ✓ ✓ Any Linear Algebra Sec5.1.1 ✗ ✓

constraint on total spin of system, number of particles (
∑
𝑥𝑖 =𝑎).

Knapsack [54] ✓ ✗ Any Linear Algebra Sec5.1.1 ✗ ✓

capacity constraint for knapsack.
Sum-Modulus [9, 18, 23, 45] ✗ ✗ TEBD Not Supported
summodulo 2 is zero (

∑
𝑖𝑥𝑖%2=0). Used in pit Mining [18] optimization [23], physics simulation [9, 45].

Global Internal Symmetry [51, 52] ✗ ✗ TEBD Not Supported
all tensors in network are symmetric about some operation.
Traveling Salesman [2] ✓ ✗ Any Exactly One Sec.5.1.3 ✗ ✓

constraint for a valid tour.
Spin Constraint (D=2) [27, 32] ✓ ✗ Any Not Equals Sec5.1.2 ✓ ✓

constraint that ensure quantum variables have opposite spins. From the PXPmodel.
Scheduling Problem [41] ✗ ✗ Any Inequality Sec.5.1.4 ✓ ✓

inquality constraint for resource constraint scheduling problems.
Plaquette Symmetry [10] ✗ ✗ Any† Eigenvalue Sec. 5.2 ✓ ✓

symmetry constraint for plaquette.

larger bond dimensions, the Uncstr execution does not get similarly stuck and is able to find similar
quality ground states for this unconstrained problem, allowing it to exit early. But even in these
cases, using Proj formulations to restrict the search space results in much better solution quality.
We reduce truncation error by 0.88–7.77× and the system error by 36.57×–6.12·104× compared to
the Uncstr execution. Furthermore, these improvements generally increase with bond dimension,
resulting in improved truncation errors and better adherence to constraints with Proj.

7 Discussion: Constraint Coverage

Masq supports a broad class of constraints arising from conservation laws and symmetries of quan-
tum systems. These constraints partition theHilbert space into disjoint sectors, restricting the system
to evolve within a valid sector. Multiple constraints can be composed in Masq to model systems
with interacting symmetries. Each constraint expressed in Masq is compiled by CoTenN into a
corresponding projection-MPO, providing a unified representation of constraints across different
models and simplifying the construction of TN implementations. Table 8 summarizes the bespoke
TN constraints from literature, and the corresponding generalized CoTenN constraint, and indicates
whether CoTenN proposes a newMPO formulation (newMPO), or generalizes an older, manually
crafted bespoke constraint (general).
SupportedConstraints.CoTenN’s LinearAlgebra constraint generalizes theQuantumNumber [36,
43, 53] and the Knapsack capacity constraints [54]. These constraints can enforce conservation laws
suchasfixed total spinorparticle count; or forknapsack it canboundaweighted sumofvariables.Both
of these are instances of the linear inequalities

∑
𝑎𝑖𝑥𝑖 ≤𝑊 . CoTenN’s NotEquals constraint was in-

spired from thePXPmodel’s spin constraints [27, 32]. Priorwork for thismodel only constructed a full
MPO implementation for the𝐷 =2 case; CoTenN supports arbitrary𝐷 with the generalizedMPO for-
mulation. CoTenN’s ExactlyOneEquals constraint generalizes the valid tour constraint implemented
for Traveling Salesman[2]. The Inequality Constraint MPO formulation is novel to this work. Finally
the EigenvalueConstraint appears in [10] but creating anMPO for this constraint is novel to thiswork.
If efficient hand-coded implementations exist for specific constraints, the design of Masq and

CoTenN allows them to be readily incorporated. They can be supported as either special cases of
existing constraints during compilation with CoTenN or as new constraint types in Masq.
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Current Limitations.Our implementation does not yet capture all possible constraints. First chal-
lenge is that many constraints in physics are described implicitly, requiring manual translation into
Masq programs, which makes ensuring coverage challenging. Second, we do not support constraint
classes forwhichwe couldnot create efficient projectionMPO implementations. For these constraints,
priorworkhasproposed implementations thatbreakMPS/MPOformulations,making themincompat-
ible with standard solvers such as DMRG. These include global internal symmetry constraints, which
require every tensor in the network to be individually symmetric under some operation [51, 52], and
sum-modulus constraints (e.g.,

∑
𝑖𝑥𝑖 mod 2=0), which appear in pit mining [18], combinatorial opti-

mization [23], andphysics simulations [9, 45]. Finally, choosing systemencoding (e.g., the localHilbert
space dimension𝐷) remains manual. This choice affects both expressibility and performance, as seen
with the PXP benchmark where a𝐷 =3 encoding is preferred over𝐷 =2 for simulation efficiency.

8 FutureWork

Benchmark Set for QCOP Problems Our exploration suggests that many physically relevant
constraints can be expressed within theMasq and CoTenN framework. For example, kinetically con-
strained dipolemomentmodels [8, 14, 46, 47, 59] and lattice gauge theory (LGT)models [21, 33, 33, 57]
involve constraints that can be expressed as linear algebraic or eigenvalue conditions. With the
QCOP abstraction and the Masq DSL, we can express more Hamiltonian simulation problems and
build a corresponding benchmark set for this domain. Developing this benchmark set and extending
support to additional constraint classes are important directions for future work.
Verification of TN Compilers CoTenN currently only performs basic sanity checks on tensor
dimensions and Hamiltonian structure, opening opportunities for deeper verification. First, key
parameters like bond dimension and truncation thresholds are manually specified and directly
affect approximation. Developing methods to bound approximation error and quantify its impact
on constraint satisfaction and solution quality is an important direction for future work. Second,
projection MPOs encode symmetries of the system Hamiltonian. Automatically verifying that these
operators are structurally consistentwith and commutewith theHamiltonianwould provide stronger
correctness guarantees. Third, practitioners often explore different system encodings (e.g., 𝐷 = 2
vs. 𝐷 = 3 in the PXP model), requiring modifications to both the Hamiltonian and constraint defi-
nitions. Automatically verifying equivalence across such encodings would help ensure alternative
formulations preserve intended semantics.
Improved TNAlgorithms for CoTenN. CoTenN generated TNs exhibit structured sparsity that
is often not exploited by existing libraries. In particular, projection MPOs generated by CoTenN
have predictable sparsity patterns that can be leveraged to design specialized sparse tensor algebra
kernels that reduce computation and memory overhead. Additionally, existing TN algorithms rely
on heuristic contraction order selection that attempt to minimize intermediate tensor sizes. These
heuristics are not sparsity aware, and building smarter cost models to find more efficient contraction
orders could enable more performance.

9 RelatedWork

TN Libraries. Today, computational physicists directly implement their physics problems using
TN libraries, such as ITensors[16] and cuTensorNet. These libraries supports construction of TNs
comprised of MPS/MPO operators and offer different TN algorithms like DMRG [62, 63], TEBD [55],
METTS [64] etc. Each of these algorithms have different specialties. However these libraries provide
either very limited and specialized or no support for constraints. ITensors provides specialized library
support only for quantum number constraints and requires users to manually construct tensor
networks for other QCOPs. The cuTensorNet framework offers no specialized constraint support.
Block2 [67] also supports different forms of symmetry constraints, like SU2, SO4, etc symmetries

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 194. Publication date: June 2026.



194:22 Ritvik Sharma, Cheng Peng, Siddharth Dangwal, and Sara Achour

Table 9. Constraint problem features supported by different problem encodings with emerging hardware.

Problem Quantum Higher-Order Constraint Probabilistic Automated
Encodings Variable States Interactions Support Ground State Mapping
Ising 2 ✗ ✗ ✗ ✓

hardware: p-computers, quantum computers, quantum annealers, oscillator-based computers
Higher-Order Ising 2 ✓ ✗ ✗ ✓

hardware: p-computers, oscillator-based computers
Potts Model >2 ✗ ✗ ✗ ✗

hardware: oscillator-based computers
Hamiltonian 2 ✗ ✗ ✓ ✓

hardware: quantum annealers, quantum computers
Encoded Ising [24] 2 ✓ ✓ ✗ ✗

hardware: p-computers
Problem Encodings for Commodity Hardware

ILP/SMT/SAT Problems N ✓ ✓ ✗ ✓

Hamiltonian+Constraints N ✓ ✓ ✓ ✗

CoTenN/Masq N ✓ ✓* ✓ ✓

for quantum chemistry problems. CoTenN in contrast, automatically constructs TNs that use pro-
jection MPOs for a large class of constraints. Unlike previous methods, it also enables composition
of constraints using the constraint programming language Masq.
HamiltonianSimulationLanguages.While languages forhamiltoniansimulations likeSimuQ[40],
Paulihedral [31], and HamLib [48] have been previously proposed, they generally target current
quantum hardware and therefore encode all operators in the Pauli matrix basis, implicitly assuming
qubit systems (𝐷 =2). This assumption is appropriate for near-term quantum devices, but it is a poor
fit for TN simulation, where the variable encoding𝐷 is a first-class parameter and can be specified
as such in Masq. Many physically important systems are intrinsically higher-dimensional: spin-1
systems (e.g., the KL model) requiring 𝐷 = 3 (qutrit basis {|0⟩, |1⟩, |2⟩}). We also demonstrate this
capability in our evaluation, where most of our benchmarks use a Spin-1 encoding with𝐷 =3.
OtherEncodingsandSolvers forQOPs/QCOPsTable9 summarizes featuresofdifferent constraint
problems and supporting hardwares platforms. Except for Hamiltonian-based formulations, all
constraintproblemtypesexpectgroundstate to resolve todeterministicvalues,making themill-suited
for physics problems. Unconstrained Hamiltonian-based problem encodings are implementable on
quantum computers and annealers [1, 4, 68], using variational quantumeigensolvers, a class of hybrid
quantum/classical algorithms [19, 30, 38, 42]. However current NISQ-era computers can not scale to
large problems or reliably find global minima. They support constraints only through regularization
and are limited to QCOPs with 2-state quantum variables. Regularization pollutes the search space
with invalid states and introduces steepenergy landscape regions, as observedby [24].QCOPtypically
expressedwithTNswith>2 states and constraints but such implementations lack automatedmapping
tools. CoTenN target this problem class with a compiler that automatically maps to TNs.

10 Conclusion

Simulation of physics problems is one of the most important use cases of quantum computing. In this
work, we introduced a quantum constrained optimization problem (QCOP), a general abstraction
for describing minimization problems over quantum variables that are subject to hard constraints.
We presentedMasq, the first constraint programming language for QCOPs implementable with TNs,
and CoTenN, a compiler that automatically maps QCOPs specified with Masq programs to TNs.
This framework serves as an initial step toward easing the development of physics simulations using
TNs and facilitating re-use of bespoke constraints from literature.
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