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Quantum computers are a revolutionary class of computational platforms that are capable of solving compu-

tationally hard problems. However, today’s quantum hardware is subject to noise and decoherence issues that

together limit the scale and complexity of the quantum circuits that can be implemented. Recently, practition-

ers have developed qutrit-based quantum hardware platforms that compute over |0⟩, |1⟩, and |2⟩ states, and
have presented circuit depth reduction techniques using qutrits’ higher energy |2⟩ states to temporarily store

information. However, thus far, such quantum circuits that use higher order states for temporary storage need

to be manually crafted by hardware designers. We presentDare, an optimizing compiler for qutrit circuits that

implement qubit computations.Dare deploys a qutrit circuit decomposition algorithm and a rewrite engine

to construct and optimize qutrit circuits. We evaluateDare against hand-optimized qutrit circuits and qubit

circuits, and findDare delivers up to 65% depth improvement over manual qutrit implementations, and 43-75%

depth improvement over qubit circuits. We also perform a fidelity analysis and find Dare-optimized qutrit

circuits deliver up to 8.9× higher fidelity circuits than their manually implemented counterparts.
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1 INTRODUCTION

Quantum computers are a revolutionary class of computational platforms with applications in com-

binatorial and global optimization, machine learning, and other domains involving computationally

hard problems. Typically, quantum computers operate on qubits, quantum information elements that

can occupy superpositions of the basis |0⟩ and |1⟩ states. Therefore, they only utilize the two lower en-
ergy states of the quantumdevice.However, quantumdevices have amultitudeof higher energy states

that can encode information and can, therefore, theoretically represent a much larger state space.

These higher order |2⟩...|3−1⟩ states can be used to implement qubit computations at substantially

reduced depth and with significantly fewer hardware resources, or can more naturally implement

new quantum computational workloads that are more naturally expressed in their larger basis [9, 18].

1.1 �trits andOther Higher-Order�antum Systems

In recent years, researchers have demonstrated quantum computers that use higher-order quantum

states are practically implementable and can be achieved through the use of new device technologies,

such as photonic circuits [11, 20] and nitrogen-vacancy [6], as well as modifying the control logic of

more commonly seen quantum hardware technologies like superconducting [9, 27] and trapped-ion
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systems [10, 25]. In these hardware realizations, the higher-order states are comparatively less stable

than the |0⟩ and |1⟩ states and therefore remain coherent for a shorter period of time. For this reason,

qutrit-based systems, which operate on the |0⟩, |1⟩, and |2⟩ basis states, are especially promising

higher-order quantum systems, as they are comparatively more stable.

Thus far, practitioners have been highly successful in using qutrits to construct more efficient cir-

cuits. In particular, researchers have achieved significant depth reductions with qutrit-based circuits

by internally using the qutrit’s higher-order |2⟩ state to temporarily store quantum information [9].

This depth reduction approach naturally parallels ancilla circuits, which also use temporary storage

to reduce circuit depth [7, 8]. However with qutrits, unlike with ancilla circuits, additional quantum

devices are not expended to achieve these depth reductions. So far, these reduced-depth qutrit circuit

implementations are hand-crafted, so much of the effort has been focused on optimizing basic gates

and small circuits that can be tractably constructed by hand [9]. To our knowledge, the process of

mapping a qubit circuit to an efficient qutrit-based implementation is done completely manually, and

as a result, these optimized circuits are very small and involve anywhere between 3-6 qubits/qutrits.

Overall, there has been an interest in exploring quantum devices that implement more than two

states [1, 9, 16], including qutrits (d=3) [17, 18] and ququarts (d=4) [19]. These higher-order systems

have been demonstrated to be practically implementable and have proof-of-concept implementations

on quantum hardware. Hardware researchers have demonstrated qutrit (3-state), ququarts (4-state),

and ququants (5-state) are physically implementable in NISQ hardware and have also architected

novel devices that support higher-order states [27].

1.2 Optimized�trit ConstructionwithDare

Wepresent theDecomposition andRewrite Engine (Dare), an optimizing compiler that automatically

translates qubit-based quantum circuits into optimized qutrit-based circuits that use the higher order

|2⟩ state to temporarily store information. Wemake the following contributions:

• Qubit-Equality and Circuit Transformations.Dare produces qutrit circuits that are qubit-

equal to the original qubit-based circuit. Two circuits are qubit-equal if they implement the same

computation when qubits are provided as circuit inputs. We formalize qubit equality and introduce

nine circuit transformations that maintain this relaxed definition of equality.

• DareCircuit Compiler. TheDare compiler orchestrates circuit lifting and decomposition proce-

dures to translate a qubit-based circuit into a qutrit circuit that effectively uses the |2⟩ state.Dare
then aggressively rewrites the unoptimized qutrit circuit using rewrites built on above-mentioned

circuit transforms. It deploys circuit cutting and stitching to compile large qubit-based circuits.

• Qutrit Circuit Decomposition Algorithm.Dare deploys a novel unitary matrix decomposition

algorithm for qutrit circuits, adapted from the generalizedQuantumShannon decomposition (QSD)

algorithm [4]. To our knowledge, Dare provides the first practical implementation of the QSD

algorithm for qutrits and deploys optimizations to reduce the generated circuit’s resource footprint.

Evaluation. We evaluate Dare on 20 quantum circuit benchmarks with 3-30 qubits with 6-168

2-qubit gates, and circuit depths ranging from 11-148. TheDare-optimized implementations deliver

43-75% depth reductions and use up to 79% fewer total gates than qubit-based implementations.

Dare-generated circuits improve upon hand-optimized qutrit implementations, delivering depth im-

provements of up to 65% and total gate count improvements of up to 75%.We also compare the fidelity

of manually optimized andDare-optimized circuits and find thatDare can achieve up to 8.9× better

average fidelity metric (AFM) than hand-optimized qutrit-based circuits. We perform a fidelity study

where we identify what hardware advances need to bemade for qutrit circuit fidelity to surpass qubit

circuit fidelity. Given that the development of qutrit devices is still in its nascency, these projections

help encapsulate the benefits of investing in quantum hardware that supports higher-order states.
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Fig. 1. �bit-Based and�trit-Based Toffoli Circuits

2 MOTIVATIONANDDAREOVERVIEW

In qubit-based quantum computing, quantum devices are in a superposition of the |0⟩ and |1⟩ basis
states.On theother hand, aqutrit’s state canbedescribed asU |0⟩+V |1⟩+W |2⟩where |U |2+|V |2+|W |2=1.
Thus, a qutrit will effectively act as a qubit when the |2⟩ state has an amplitude (W ) of 0, or equivalently

has no energy in the |2⟩ state.Dare targets qutrit circuits which utilize all qutrit states during the
course of the circuit but have a qubit interface. Furthermore,Dare uses a standard qutrit basis [4]

and in particular, uses self-inverting swap (-8 9 ) gates that can switch the |8⟩ and | 9⟩ states of a qutrit.
Consider the case where we want to efficiently implement a Toffoli gate, a 3-qubit gate that is con-

trolled over the first two qubits and inverts the state of the third qubit when enabled. The generalized

Toffoli gate is an important primitive used in many quantum algorithms and has been the focus of

extensive past optimization work. Figure 1a presents the classical qubit circuit implementation of the

Toffoli gate; it has a depth of eleven gates and contains six two-qubit gates and nine one-qubit gates.

Now, with qutrits, we can get a logical Toffoli gate implementation (Figure 1b). This circuit uses |2⟩
state to temporarily store information internally within the circuit. In this example, all 2-qutrit gates

are controlled on state |1⟩. The controlled gates in this circuit are the (controlled)-01,-12 gates. These

gates swap |0⟩ − |1⟩, and the |1⟩ − |2⟩ states with each other respectively, when the control qutrit

is in state |1⟩. We observe the qutrit-based implementation is significantly more resource-efficient

than the qubit-based implementation, using only two one-qutrit gates and three two-qutrit gates

and attaining a depth of five gates. The circuit uses the |2⟩ state to store information temporarily

to achieve these reductions. Note that the logical qutrit and qubit circuit both implement the same

operation over the |0⟩ and |1⟩ states. Both circuits enforce a qubit input/output interface and require
circuit inputs to be qubits and produce qubits as outputs. This property enables practitioners to

transparently replace the qubit implementation of the Toffoli gate with the qutrit implementation.

TheDare compiler workswith this notion of equivalence, termed qubit-equality, and produces qutrit

circuits that implement qubit interfaces.

2.1 CompilationwithDare

TheDare compiler (Figure 2) automatically compiles qubit-based circuits to efficient qutrit circuits

that internally use the |2⟩ state for temporary storage. The qutrit circuit implements a qubit interface:

It accepts qubits as inputs and produces qubits as outputs. Internally, it operates in three stages:

• Lifting and Decomposition. The qubit circuit is lifted to an equivalent qutrit-based logical

circuit, translated to a 3=×3= unitary matrix, and then decomposed using our novel qutrit unitary

decomposition algorithm implementation. The produced qutrit effectively uses the |2⟩ state to
store information and exactly implements the unitary of the lifted circuit.

• Optimization.Dare then rewrites the unoptimized, decomposed circuit to reduce the depth and

gate count.Dare’s rewrites change the underlying unitary implemented by the circuit but still

preserve the original qubit computation over the |0⟩ and |1⟩ states. We refer to this form of equality
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Fig. 4. Li�ed T gate (top) and H gate.

as qubit-equality. A qubit-equal, qutrit-based circuit implements the same behavior as the original

qubit-based quantum circuit when qubits are supplied as circuit inputs.

• Lowering to Basis Gates.Dare internally works with quantum circuit IR that supports multi-

controlled gateswith controls over |0⟩, |2⟩ quantum states. However, these circuits require arbitrary

qutrit control states. Therefore,Dare implements a lowering step that translates qutrit circuits,writ-

ten in theDare IR, to a logical circuit comprised of qutrit basis gateswith the control state of |1⟩ state
only (this control state is also generally used for qubit circuits and is well supported by most tools).

2.2 The�trit Circuit IR

TheDare compiler works with theDare IR, an intermediate representation for qutrit circuits that

support multi-controlled gates with controls over the |0⟩, |1⟩, and |2⟩ states. Circuits expressed in the
Dare IRcanbeautomatically lowered toa logical circuit. Figure3presentsanexamplequantumcircuit,

inDare IR. TheDare IR has two key differences from traditional quantum circuit representations:

• Multicontrolled Gates. TheDare IR supports multicontrolled gates with controls that operate

on |0⟩,|1⟩ or |2⟩ state of the qutrit. The quantum state each control operates on is written inside

the control. For example, in circuit shown in Figure 3,/12 is applied when @2,@3 are in states |0⟩,|2⟩.
• Wire Annotations. TheDare IR automatically annotates wires depending on the basis states

in use. Qubit wires are shaded yellow and only use the |0⟩,|1⟩ basis states of the qutrit and always
have zero energy in the |2⟩ state (W = 0). Qutrit wires use all three states. These annotations are
statically derived from the circuit structure using the analysis described in Section 5.

2.3 Step 1: Li�ing�bit Circuits to�trit Circuits

TheDare compiler first lifts the input qubit circuit to a qutrit circuit by extending eachqubit to a qutrit

and extending each qubit gate to implement the identity over the |2⟩ state. The lifted qutrit circuit

Proc. ACM Program. Lang., Vol. 8, No. PLDI, Article 158. Publication date: June 2024.
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(c) Optimized�trit Unitary

Fig. 5. Toffoli gate qubit unitary and qutrit circuit unitaries before and a�er optimization. ■ columns map

|2⟩ input states to output states, ■ entries map inputs to |2⟩ output states, white entries involve |0⟩ and |1⟩
basis states only, differing submatrices shown in red text. Dashed lines partition unitaries into 9×9 sub-blocks.
Blue dashed region applies the qutrit-01 gate on the target. All blank entries are zeroes.

implements the original qubit computation over the |0⟩ and |1⟩ qutrit states and does not modify the

|2⟩ qutrit state. Figure 4 presents the original 2×2 and the lifted 3×3 unitaries for the uncontrolled)
and� gates in the Toffoli circuit. This lifted unitary implements the same computation as the original

over the |0⟩ and |1⟩ states (shownbywhite-shaded cells). Thus circuit liftingwillmaintain the original

qubit computation and its outputs will only contain energy in the |0⟩ and |1⟩ states (and act as qubits).
Figure 5a presents the original unitarymatrix for the qubit-basedToffoli, and Figure 5b presents the

unitary matrix of the lifted, qutrit-based Toffoli. The unitary matrix of the circuit maps the quantum

circuit input states to the quantum circuit output states. Both unitaries implement the same behavior

over the |0⟩ and |1⟩ states (white cells), and apply the identity over the |2⟩ state (red, blue cells).
Applying only qubit states at the input interface eliminates all unitary matrix entries that map input

states with energy in the |2⟩ basis state to the gate output (red columns). Entries that map input states

with no energy in |2⟩ basis state to output states with energy in the |2⟩ basis state (blue rows) are zero.

2.4 Step 2:�trit UnitaryMatrix Decomposition

After the qubit circuit is lifted to a qutrit circuit, andDare generates the 3=×3= qutrit unitary, we
utilize qutrit unitary matrix decomposition to generate a qutrit circuit implementation that uses the

|2⟩ state. This qutrit circuit is expressed in Dare-IR.Dare provides the first practical implementation

of the qutrit decomposition algorithm presented in [4, 14] and deploys optimizations to reduce the

complexity of the decomposed circuit for certain block matrix patterns. The full description of the

decomposition algorithm implementation and the associated optimizations are presented in Section 6.

In the Toffoli example, the lifted qutrit-based toffoli unitary from Figure 5b is decomposed into a

qutrit circuit usingDare’s qutrit decomposition algorithm. Figure 6a presents the qutrit-based Toffoli

circuit produced by the decomposition algorithm.We observe that the decomposed qutrit circuit has

a radically different structure than the original Toffoli circuit implementation presented in Figure 1a,

and actively uses the |2⟩ state in both the gate controls and operations. Therefore, the decomposition

step is critical to ensuring the qutrit circuit internally uses the |2⟩ state. The unitary matrix of the

qutrit produced by the decomposition algorithm circuit exactly matches the starting unitary.
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Fig. 6. Toffoli circuit decomposition and rewriting steps

2.5 Step 3: Rewrite-Based Circuit Optimization

Dare employs an aggressive rewrite engine that uses the fact that certain gates and wires in the

unoptimized qutrit circuit only operate on a subset of |0⟩, |1⟩, and |2⟩ basis states. Figure 6e presents
theDare-optimized Toffoli circuit derived from the unoptimized, decomposed Toffoli circuit from

Figure 6a.Dare’s rewrite-based optimizer is able to eliminate three gates and one control from the

unoptimized Toffoli circuit, halving the number of gates and reducing the depth from 6 to 3 gates.

Dare applies the following rewrites to the unoptimized circuit to yield the optimized circuit:

• Deleting |2⟩-ControlledGates. (Figures6b-6c)The rewrite engine safelydeletes the leadingcontrolled
X01 and the lagging controlled X02 gates since the controls of these gates are never satisfied. They

can only be applied when the control qubit q2 is in |2⟩ state. However, q2 at the circuit input/output
interface is only in states |0⟩ and |1⟩ (qubit basis). Hence, these controls cannot be satisfied.

• Deleting Redundant Controls.(Figure 6d) The rewrite engine also safely deletes the |1⟩ control on
controlled X01 gate. Because the q2 qutrit is exclusively in the |0⟩ and |1⟩ states at the input interface,
the |2⟩ control over q2 on the X01 gate is only satisfied if the preceding X12 gate is applied. Therefore,
X01 gate’s |1⟩ control on q1 is already implicitly enforced by the preceding X12 gate.

2.5.1 �bit-Equality. Figure 5 compares the unitary matrix of the unoptimized circuit (Figure 6a)

with the unitary matrix of the rewritten circuit (Figure 6e). While the applied rewrites safely remove

gates and controls that will never be exercised, the rewrites change the underlying unitary imple-

mented by the circuit and, therefore, implement a different quantum computation. We define a new

global circuit property called qubit-equality, where two qutrit circuits are qubit-equal if the same com-

putation is implementedwhenqubits areapplied to thecircuits’ input interface.Dare’s rewrite system

produces a qutrit circuit that is qubit-equal to the original, unoptimized circuit. This condition is suffi-

cient for ensuring correctness sinceDare-generated circuits are always exercised with qubit inputs.

We next provide an intuitive explanation for why the original and transformed unitaries presented

in Figure 5 are qubit-equal. Recall the quantum circuit’s unitary captures the mapping of the super-

position of input quantum states (columns) to output quantum states (rows). We observe that while

the unitaries of the two Toffoli implementations differ, three key properties hold:

• The computation over the |0⟩ and |1⟩ states is preserved.All entries where the input and output states
for all qutrits are in |0⟩ and |1⟩ states (white background) are the same in the original and optimized

unitary matrix.

Proc. ACM Program. Lang., Vol. 8, No. PLDI, Article 158. Publication date: June 2024.



Compilation of�bit Circuits to Optimized�trit Circuits 158:7

L2
Qubit 
Circuit

L2,3
Qubit+Qutrit 

Circuit

Quantum 
Circuit 
Cutting

L2L2L2 Quantum 
Circuit 

Stitching
Qubit 

Circuit 
Fragments

Qubit Circuit Scaffold

L2L2IR
Qutrit 
Circuit 
Fragments

DARE Lifting & 
Decomposition DARE 

Rewrites & 
Lowering 

fragment for >8 qubits

(n qubits)

n qubits,
<5 qutrits/fragment

L2(n qubits)

Fig. 7. Scalable qubit circuit compilation withDare+circuit cu�ing and stitching optimization

• The |1⟩ and |0⟩ input states never affect the |2⟩ output state. All matrix entries that may transfer

energy from states |0⟩ and |1⟩ to state |2⟩ (blue cells) are zero in the optimized matrix. Therefore,

all output states that involve the |2⟩ basis will resolve to zero for qubit inputs.
• All non-matching unitary matrix entries require circuit inputs occupy the |2⟩ state.All entries that
differ in the unoptimized and optimized unitaries require one of the quantum inputs to be in the |2⟩
state (red columns). Because the quantum circuit is always applied over qubit inputs, the |2⟩ state is
always zero, and these fields are zeroed out and have no effect on the distribution of output states.

These properties ensure that the original Toffoli computation on qubit states is implemented by

the qutrit circuit, provided input qutrits operate as qubits (use only the |0⟩, |1⟩ states). Put simply,

all Toffoli unitary entries highlighted red are allowed to differ – this flexible definition of equality

enablesDare to employ rewrites that delete gates/controls and change the semantics of the circuit.

2.5.2 TheDareOptimizer and Correctness. Dare’s rewrite engine (Section 4) applies rewrites (Sec-

tion 4) on matching gate patterns until the quantum circuit cannot be further optimized. To ensure

the rewrites preserve the overall behavior of the circuit, we define each rewrite as a sequence of

circuit transforms (Section 3.4) to optimize the circuit. Each circuit transform is formalized and paired

with a proof sketch that demonstrates the transform does not change the behavior of the circuit.

After optimization,Dare checks that the unitary of the rewritten circuit is qubit-equal to the original

unoptimized circuit’s unitary. Section 3.3 presents a rigorous definition of qubit equivalence.

2.6 Step 4: LoweringDare-IR to a�trit Logical Circuit

Qutrit circuits expressed in Dare-IR contain multi-controlled single qutrit gates.Dare’s lowering

pass translates these multi-controlled gates by first inserting swap (-01,-12) gates so that all controls

operate on |1⟩ state. This ensures that all lowered circuits use the same control conditions as qubit

circuits. Dare then lowers gates to a basis gate set which contains single qutrit rotation gates

['G8 9 (\ ),'~8 9 (\ ),'I8 9 (\ )] which rotate the qutrit by\ on the x, y, z axis respectively for 8, 9 = [01,12,02]
basis. They generalize single qubit rotation gates [23]. Dare’s gate set also contains two-qutrit

controlled-not gates�#$)8 9 which are controlled--8, 9 gates that invert 8, 9 states with each other

(where 8, 9 = [01,12,02]). This gateset was previously proposed and used in [4, 9]. For the Toffoli gate
example, the qutrit-based circuit shown in 1b is derived from the optimized Toffoli circuit in Figure 6e,

expressed in the Dare-IR, duringDare’s lowering pass. The lowering pass replaces the control over

|2⟩ statewith a control over |1⟩ state and inserts X12 gates on either side – the X12 gate is self-inverting.

2.7 Scalable�antumCircuit CompilationwithDare

Dare’s basic compilation flow (Figure 2) contains a decomposition step which operates on a 3=×3=
sized unitary matrix for a =-qutrit circuit. The runtime of this decomposition algorithm grows expo-

nentially as the number of qutrits increases and becomes intractable beyond eight qutrits. Therefore,
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B ∈( ⊆ {0,1,2} set of qutrit basis states.

= number of qutrits in circuit

I,* 3×3matrix.

* † inverse of* .

*( 3×3 state invariant unitary matrix.

� (B ) = |B ⟩⟨B | control on basis state B .

� (3) a 3×3 identity matrix

/8,9 = [I8 ,....,I 9 ] operators applied to qutrits 8-9

�8 =�0C4 (/,: ) a gate with target on qutrit :

�8 iCℎ gate of circuit

c (/ ) outer product of 3x3 matrices in/ .

& quantum circuit

�>>: (/,* ,: ) Bookend gate, applies* on :

�=C (/ ′,* ′′,: ′ ) Interior gate, applies* ′′ on : ′

Fig. 8. Notation quick-reference

j *

i i+1

(a) State-Subset

i *
s

(b) State-Invariant

j *

i i+1

(c)�bit

g g’

B B Bi *1
s

k’ *2

k * * ′

(d) Bookends

Fig. 9. Circuit conditions.

to ensureDare can scale to larger circuits,Dare uses a cut-and-stitch compilation flow inspired by

theQuest synthesizer [24] when the input circuit exceeds eight qubits. This allowsDare to divide the

circuit into fragments which take a much smaller time to decompose. Each circuit fragment is itself

a qubit circuit and thus naturally maintains a qubit interface after decomposition. We highlight the

benefits of this step to compile larger circuits using the compiler runtime for circuits in Section 7.1.5.

Algorithm. Dare first cuts the circuit, extracting smaller-scale 3-5 qubit circuit fragments from

the input circuit along with a quantum circuit scaffold that fits these fragments together. Dare’s

compilation flow then lifts and decomposes each qubit circuit fragment to produce an unoptimized

qutrit circuit fragment inDare IR. Each of these fragments is then plugged into the quantum circuit

scaffold. Since each fragment has a qubit input/output interface, it can be transparently plugged into

the scaffold circuit. Dare’s rewrite-based optimizer is then used to optimize the resultant hybrid

qubit-qutrit circuit. Since the optimizer is applied to the full, re-assembled circuit, it can identify

optimization opportunities that span across multiple fragments. Finally, all gates in theDare IR are

then lowered to qutrit basis gates, producing the final optimized quantum circuit.

Fragment Extraction.Dare parses the qubit circuit and greedily assigns any gate encountered

to the sub-circuit with the largest overlap in qubits. The current gate’s qubits are removed from all

other circuits, and the chosen circuit is ordered after all other candidates. This ordering and qubit

mapping is used as the circuit scaffold for assembly.

3 DARECIRCUIT TRANSFORMS

Dare’s rewrite system isbuilt uponacollectionof circuit transforms thatmodify the circuitwithout af-

fecting its functionalbehavior.Eachbasic transformimposesasetof conditionsover the involvedgates

thatmusthold for it tobeapplied.Weprovideaproof sketch thatdemonstrates the transformedand the

original circuit deliver the same behavior provided the required conditions hold. To simplify theman-

agement of these conditions, this section introduces specializedbookend, state-invariant, interior, and

state-subsetted gates which eachmeet a set of conditions commonly required across transformations.

We use an outer product formalization of circuits introduced in Section 3.1, with different gate

conditions described in Section 3.2. We introduce qubit-equivalence and strict equivalence in Sec-

tion 3.3 along with useful lemmas and their proofs. Section 3.4 introduces the atomic transforms

that follow qubit equivalence (marked with †) or strict equivalence (no †). Figure 8 summarizes the

notation used in this formalization.
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3.1 �antumCircuits and Gates

Circuits. A =-qutrit circuit comprises a sequence of n-qutrit gates. Any circuit & ∈ (* (3=) uni-
tary is the product of a sequence of 3= × 3

= gate unitaries � ∈ (* (3=), and is written as & =

�<× ...×� 9× ...×�0=
∏<

0 � 9 . The 9
Cℎ gate in the circuit,� 9 , is the 9

Cℎ gate from the left.

One-Qutrit Operators. Each n-qutrit gate is comprised of = single-qutrit operators/ = [I1,...,I=]
applied to each qutrit 1..=, where I8 is applied to qutrit 8 . Each I8 is a 3×3matrix that may implement

a one-qutrit transformation (* ), a wire (� (3) if not controlled on 8), or a control on state B ∈( = {0,1,2}.
N-Qutrit Gates. �0C4 ( [I1, ...I:−1,*: ,I:+1, ...I<],:) applies a unitary transform (* ) on the target

qutrit (:), and applies identity or control operations on all other qutrits, so I 9 ∈ {� (0),� (1),� (2),� (3)}
for 9 ≠: . Sub-sequences of operators are denotedwith/8, 9 = [I8 ...I 9 ], and sequences are concatenated
together as/1, 9/ 9+1,= . Gates are written in this notation as�0C4 (/,:)=� (/1,:−1 [*: ]/:+1,=,:).
Outer Products. The c (/ )=c ( [I1,...I: ])=I1⊗I2 ...⊗I: operator computes the outer product over

a list of 3x3 operator matrices / = [I1, ..,I: ] and produces a 3: ×3: matrix over qutrits 1 to : . We

note that preserving the order of the unitaries is required to apply the k-qubit gate correctly and

the resulting matrix is not guaranteed to be unitary.
Gate Unitary. Each gate�0C4 (/,:) applies a 3=×3= unitary that can be described with an outer
product matrix expression comprised of 3x3 operator matrices. Equations below represent the gate
using the standard and reduced-formmatrix expressions for a gate�0C4 (/,:) respectively:

�0C4 (/,:)=c (/ )+[� (3=)−c (/1,:−1)⊗� (3)⊗c (/:+1,=)]=c (/1,:−1)⊗ (* −� (3))⊗c (/:+1,=)+� (3=) (1)

In the standard form, thec (/ ) termapplies the gate operation, and the remaining termsnormalize the

resulting matrix. The reduced form expression is derived from the standard expression by factoring

out the c (/1,:−1) and c (/:+1,=) terms out of the expression. See appendix for full derivation.

3.2 Gate Conditions: Bookends, State-Subse�ed, and State-Invariant Gates

We next define bookend gate pairs, state-subsetted/qubit-subsetted gates, state-invariant gates, and

interior gates. These special types of gates appear in the gate patterns matched by our rewrites.

State-Subsetted Gates.A qutrit 9 is state-subsetted to states ( ⊂ {0,1,2}, where ( is a strict subset
of the basis states if it can only occupy a superposition of states in ( . The state-subset conditions are

computed with theDare IR wire annotations, derived through static analysis described in Section 5.

If a qutrit 9 is state-subsetted to ( , then any gate�0C4 (/,:) that has a control on state B′ ∉( of qutrit
9 will apply the identity to qutrit : since its control conditions will not be satisfied:

�0C4 (/,:)=c (/1, 9−1)⊗� (B′)⊗c (/ 9+1,:−1)⊗ (* −� (3))⊗c (/:+1,=)+� (3=)= � (3=)
A special case of a state-subsetted qutrit is qubit-subsetted (Figure 8c), which only occupies the |0⟩

and |1⟩ basis states (( = {0,1}). Hence, it is unaffected by gates that operate on |2⟩ basis and cannot sat-
isfy controls on |2⟩ state. At the qutrit circuit interface, all qutrits forDare circuits are qubit-subsetted.
State-Invariant Gates. A gate (�=E ((,/,:) = �0C4 (/,:) is state invariant if it does not modify

quantum states involving basis states B ∈( . A state invariant gate’s unitary is shown using*( , where

*( applies the identity over basis states B ∈( (*( |B⟩ = |B⟩, thus*B×� (B) =� (B) because� (B) is just
|B⟩⟨B |). The gate implements the following matrix expression over all qutrits�0C4 (/1,:−1 [*( ]/:+1,=).
Bookend, Interior Gates. Bookend gates are pairs of gates that are applied together. Bookend

gates often appear in qutrit circuits: the leading gate is commonly used to lift a qubit-subsetted

qutrit to use the |2⟩ state, and the lagging gate pushes it back into the qubit-subsetted state. A

leading gate�< = �>>: (/,* ,:) =�0C4 (/1,:−1 [* ]/:+1,=) and lagging gate�<+8 = �>>: (/,* ′,:) =
�0C4 (/1,:−1 [* ′]/:+1,=) at positions< and<+8 comprise a bookend. The bookends have identical

control conditions and apply a transform* ,* ′ to the same target qutrit : .

For a bookend gate pair to be applied together, all the gates� 9 that lie between the two bookends

(<< 9 <<+8) must be an interior gate �=C (/ ′,* ′′,: ′). Interior gates do not affect the controls of the
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lagging bookend, ensuring the bookends are applied together. To deliver this property, each interior

gate must satisfy one of two conditions: The interior gate’s target qutrit is not one of the bookend’s

controls. I: ′ = � (3), or, the interior gate’s target qutrit acts on one of the bookend’ controls (I: ′ =� (B))
but the interior gate’s transform is invariant to the bookend’s control state (* ′′

=*B ).

3.3 Strict Equivalence and�bit Equivalence

Dare works with two notions of equivalence: Strict Equivalence and Qubit Equivalence. If two

circuits are strictly equivalent, they implement the same unitary. If two circuits are qubit-equivalent,

they implement the same computation over the |0⟩ and |1⟩ states.
Definition 1. Qubit Equivalence. Two qutrit circuits are qubit-equal if they implement the exact

quantum computation over the |0⟩ and |1⟩ states i.e. all elements of the unitary that operate on

the |0⟩ and |1⟩ states are preserved. Given the original and transformed circuit unitaries& and& ′,
the unitaries are qubit-equal if the difference for the unitary of the entire circuit contains an outer

product term that is controlled on the |2⟩ state over some qutrit : and the qutrit : is qubit-subsetted:

Δ& =&−& ′
=

∑
* (3:−1)⊗� (2)⊗* (3=−: )=

∑
* (3:−1)⊗ |2⟩⟨2| ⊗* (3=−: ) (2)

The difference Δ& is non-zero only if the qubit-subsetted qutrit : contains energy in the |2⟩ state.
Definition 2. Strict Equivalence. The original circuit unitary& and the transformed unitary& ′,
are strictly equivalent, i.e., equivalent over all possible quantum states, if their difference is zero:

Δ& =&−& ′
=0 & =& ′ (3)

We next define lemmas related to Strict and Qubit Equivalence that help proveDare transforms.

Lemma 1. Qubit Equality of Fragments. A quantum circuit& =&�×&� ×&� is qubit equal to the

transformed circuit& ′
=&�×& ′

� ×&� if the circuit fragment&� is qubit equal to&
′
� and the :’th

qutrit of&� is qubit-subsetted on qutrit : at its input and output interface.

Proof Sketch. The quantum unitary difference Δ& is defined as&�×[&� −& ′
� ]×&� . Since qutrit : is

qubit-subsetted at&� ’s interfaces, the gates before and after the fragment cannotmodify the:Cℎ qutrit
to get into |2⟩ state. Thus the product of all gates before and after the fragment are state-invariant
to the |2⟩ state and are of the form∑

c (/1,:−1) ⊗ (*2) ⊗c (/:+1,=), where*2 is state invariant over
state |2⟩. Equation 2 is used to replace Δ&� =&� −& ′

� of the qubit equal fragments for Δ& =&−& ′:
[∑

c (/1,:−1)⊗*2⊗c (/:+1,=)
]
×
[∑

c (/1,:−1)′⊗� (2)⊗c (/:+1,=)′
]
×
[∑

c (/1,:−1)′′⊗* ′′
2
⊗c (/:+1,=)′′

]

=

∑
(c (/1,:−1)×c (/1,:−1)′×c (/1,:−1)′′)⊗ (*2×� (2)×* ′′

2
)⊗ (c (/:+1,=)×c (/:+1,=)′×c (/:+1,=)′′)

Using the property of state invariant unitaries, *2 ×� (2) ×* (2)′′ = � (2) the above equation
matches the qubit equality definition (Equation 2). Hence, for any transform on a circuit fragment,

if qutrit : at the circuit fragment interface is qubit-subsetted, we only need to show & ′
� −&� =∑

c (/1,:−1)⊗� (2)⊗c (/:+1,=) to prove qubit-equality.
Lemma 2. Strict Equality of Fragments.A quantum circuit& =&�×&� ×&� is strictly equal to the

transformed circuit& ′
=&�×& ′

� ×&� if the circuit fragment&� is strictly equal to&
′
� .

Proof Sketch. If&� −& ′
� =0, then&� =&

′
� and& =& ′.

Lemma 3. Gate Commutativity. Gate �1 = �0C4 (/1,:−1 [* ]/:+1,=, :) commutes with gate �2 =

�0C4 (/ ′
1,: ′−1 [*

′]/ ′
: ′+1,=,:

′) if for :Cℎ qutrit�1 applies I: =* and�2 either has a wire I
′
:
= � (3) or

control I′
:
=� (B) if* =*B . The same condition holds in the other direction with* ′ and�1’s term I: ′ .

Lemma4. GateDifferenceElimination.For twogates�1,�2 both controlledonaqutrit@; on state� (B)
(i.e. given by�1=�0C4 (/1,;−1 [� (B)]/;+1,=),�2=�0C4 (/ ′

1,;−1 [� (B)]/;+1,=))) if a transform deletes the

control� (B) on gate�2→� ′
2
=�0C4 (/ ′

1,;−1 [� (3)]/
′
;+1,=), then the product of the unaffected gate and

the difference of transformed gate unitaries give back the difference term.�1×(� ′
2
−�2)=� ′

2
−�2.

Proof Sketches:We provide proofs for lemma 3 and 4 in our appendix.
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1

28

: *

(a) DelCtrl

1

1

: *

(b) DelXform

B B

2 2 2

2

... ...

: * * ′

* ′′

(c) CCInter

B B

2 2 2

2

... ...

k * * ′

* ′′

(d) CCBookQubit

Fig. 10. �bit equality-preserving basic transforms.Deleted controls and gates are highlighted in red,

wires qubit-subse�ed (i.e. subse�ed to |0⟩ and |1⟩ states) are shaded in yellow

B B

2 2 2

B′

... ...

k * * ∗
* ′′

(a) CCBookInv

B B→j *
s

*
s

k � �

(b) SwapInv

2 2 2 2

B B→j * * * ∗ *

k * ′ * ′

(c) SwapCtrl

2 2 2
→

j * * ′ * ′*

(d)Merge

2 2

8 9→m -8 9 -8 9

k * ′ * ′

(e) ApplyXCtrl

Fig. 11. Unitary-preserving basic transforms. |B⟩-invariant gates are shaded in blue with a subscript B .

3.4 Circuit Transforms

3.4.1 DelCtrl†:Delete |2⟩-ControlledGates. Givenacircuit& containing fragment&� =�0C4 (/,:)=
�0C4 (/1,8−1 [� (2)]/8+1,:−1 [* ]/:+1,=) with a control on state |2⟩ and a qubit-subsetted qutrit 8 , the
gate can be deleted producing& ′

� = � (3=) while preserving the qubit-equality.
Proof Sketch. Lemma 1 states if &� and & ′

� are qubit-equal, then applying the transform to a
quantum circuit& containing&� also preserves qubit equality. The unitary differenceΔ&� for circuit
fragments&� and&

′
� satisfies Eqn 2, preserving qubit equality over&� :

Δ&� =&� −& ′
� =−c (I1 ..I8−1)⊗� (2)⊗c (I8+1 ..I:−1)⊗ (* −�3)⊗c (I:+1 ..I=)=* (38−1)⊗� (2)⊗* (3=−8−1)

3.4.2 DelXform†: Delete |2⟩-Transforming Gates. Given a circuit & containing fragment &� =

�0C4 (/,:) = �0C4 (/1,:−1 [* ]/:+1,=), the gate can be deleted yielding & ′
� = � (3=) if the unitary

I: =*0,1 =3806(1,1,48\ ) is state-invariant to the |0⟩ and |1⟩ states, and the target qutrit : is qubit-

subsetted. Such a unitary can only be a phase gate since the* matrix is unitary.
Proof Sketch.According to Lemma 1, if&� and&

′
� are qubit-equal, then the transformmaintains

qubit equality for quantum circuit& containing&� . To prove qubit equality for&� ,&
′
� wewrite*0,1

as*0,1= � (3)+(U−1)×� (2) and show the unitary difference Δ&� =&
′
� −&� satisfies Eqn 2:

Δ& = � (3=)−(/1,:−1⊗(* −� (3))⊗/:+1,=+� (3=))=−c (/1,:−1)⊗ (U−1)×� (2)⊗c (/1,:−1)
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3.4.3 CCInter†: Control Cancellation of Interior Gates. Given a circuit& containing a fragment

&� =�< ...�<+8+1 with bookend gates�< =�>>: (/,* ,:),�<+8+1=�>>: (/,* ′,:) and 8 interior gates,
a shared control� (B) on some qutrit ; can be deleted from interior gates in&� if three conditions are

met. First, the qutrit: is qubit-subsetted on the input/output interface of circuit fragment&� . Second,

the interior gate �=C (/ ′,* ′′,: ′) is controlled on qutrit : on |2⟩ state. Third, all gates� 9 = �=C (/ ′,*2,:)
between bookend�< and the interior gate that acts on qutrit : are state-invariant to the |2⟩ state.
Proof Sketch. Lemma 1 states if &� and & ′

� are qubit-equal, then applying the transform to a

quantum circuit& containing&� also preserves qubit equality. We prove by induction, starting with

a base case with one interior gate, that qubit equality is preserved for multiple interior gates.
Base Case.We derive the unitary difference Δ& =& ′

� −&� has a� (2) for a fragment&� containing
exactly one interior gate �=C (/ ′,* ′′,: ′) and two bookends �>>: (/,* ′,:),�>>: (/,* ,:):

Δ&� =�>>: (/,* ′,:)×
[
c (/ ′

1,;−1)⊗ (� (3)−� (B))⊗c (/ ′
;+1,:−1)⊗ (� (2))⊗c (/ ′

:+1,=)
]
×�>>: (/,* ,:)

The product of the difference of interior gates and bookends follows lemma 4 eliminating gates in
red. Thus, Δ&� reduces to the difference of interior gates; hence&� ,&

′
� are qubit-equal:

Δ&� = (c (/ ′
1,;−1)⊗ (� (3)−� (B))⊗c (/ ′

;+1,:−1)⊗� (2)⊗c (/
′
:+1,=))

Induction.Given qubit-equal original and transformed qubit-equal fragments&�,8 ,&
′
�,8 that contain

8 interior gates (inductive assumption), we show qubit equality is preserved if an interior gate�~

is inserted right before the lagging bookend �>>: (/,* ′,:) of the circuit. We first derive the Δ&�,8+1
expression is rewritten in terms of Δ&�,8 and Δ&�,1 differences:

Δ&�,8+1=�>>: (/,* ′,:)×�~,) ×�>>: (/,* ′,:)†×Δ&�,8+Δ&�,1×�>>: (/,* ,:)†×
∏

�<×�>>: (/,* ,:) (4)

With lemma 4 we simplify above Δ&�,8+1 (eliminating gates in red) and show Δ&�,8+1 has a
� (3)−� (B) term for qutrit ; and� (2) for qutrit : . From condition (1) of the rewrite, qutrit : is qubit

subsetted and thus Δ&8+1 will satisfy qubit equivalence.

3.4.4 CCBookQubit†: Control Cancellation of Bookends on�bit Basis. Consider a circuit& con-

taining a fragment &� with gates�< ...�<+8+1 containing two bookend gates�< = �>>: (/,* ,:),
�<+8+1=�>>: (/,* ′,:) and 8 interior gates� 9 =�0C4 (/,:) 9 = �=C (/ ′,* ′′,: ′′) 9 where 9 ∈<+1...<+8 .
We may delete a shared control given by I; =� (B) acting on qutrit ; from both bookend gates if the

following conditions are met. First, the qutrit : is qubit-subsetted on the input/output interface of

circuit fragment. Second, the product of bookend unitaries is 0,1-state invariant,* ×* ′
=3806(1,1,0).

Third all interior gates fall in one of the two cases: if the interior gate either targets the bookend target

: , then it is invariant to |2⟩ state, or it is controlled on the bookend gate’s target qutrit : over state

|2⟩ (I′
:
=� (2)). In both cases it contains the removed control I′

;
=� (B) as well.

Proof Sketch.Wewill prove by induction that the difference between the original and transformed

circuit fragmentsΔ&� =&
′
� −&� has a� (2) termover qutrit: , which is qubit-subsetted (condition (1)).

The base case proves qubit equality for&� with one interior gate, and the inductive step proves qubit

equality formultiple interior gates.With lemma1weknowthat if&� and&
′
� arequbit-equal andqubit-

subsetted over qutrit: , then the transformmaintains qubit equality over the entire quantum circuit& .
Base Case. Consider the original fragment&� =�<+2×�<+1×�< =�>>: (/,* ,:)×�=C (/ ′,* ′′,: ′)×
�>>: (/,* ′,:) with bookends containing @; = � (B), and a transformed fragment & ′

� with book-

ends � ′
< = �>>: (/) ,* ,:)′,� ′

<+2 = �>>: (/) ,* †,:) have their control deleted (I),; = � (3)). After
simplification, the unitary difference Δ&� is as follows:

Δ&� =�
′
<+2×�<+1×[�>>: (/) ,* ,:)−�>>: (/,* ,:)]+

[
�>>: (/) ,* †,:)−�>>: (/,* ′,:)

]
×�<+1×�<

We next apply Lemma 4 to eliminate the highlighted�<+1 and�< terms and derive Δ& :

c (/1,;−1)⊗ ((� (3)−� (B))⊗c (/;+1,:−1)⊗
[
(* ′−� (3))×(* −� (3))+(* ′−� (3))+(* ′−� (3))

]
⊗c (/:+1,=) (5)
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The Δ&� expression is simplified to satisfy qubit equality (Defn 1). The simplified expression applies

theI: =� (2) operator on qutrit: , which is qubit-subsetted according to condition (1) of the transform.
Induction. Given a quantum circuit fragment &�,8 containing 8 interior gates and a qubit-equal
transformed fragment& ′

�,) ,8 obtained by deleting @; =� (B) on the fragment’s bookends. We create a

fragment&�,8+1,&�,) ,8+1 from&�,8 ,&�,) ,8 with a new interior gate�~ inserted before lagging bookend
�<+8+1, totaling 8+1 interior gates. The unitary difference Δ&8+1 is

Δ&�,8+1=�
′
<+8+1×�~×

∏
�8×(� ′

<−�<)+(� ′
<+8+1−�<+8+1)×�~×

∏
�8×�< (6)

We apply Lemma 4 to delete interior gates/original bookend gate (shown in red) and Lemma 3 to
commute interior gates. We derive the following expression for Δ&8+1 which satisfies the definition
of qubit-equality, as it applies a� (2) operator to the qubit-subsetted qutrit : :

Δ&�,8+1=c (/1,;−1)⊗ (� (3)−� (B))⊗c (/;+1,:−1)⊗ (0×� (2))⊗c (/:+1,=)×
∏

�0C4 (/ ′
1,:−1 [� ]/

′
:+1,=,:

′)

Hence qubit-equality holds by inductionwhen an interior gate is inserted before the lagging bookend.

3.4.5 CCBookInv: Control Cancellation of Inverse Bookends. Consider circuit& containing a frag-

ment&� :�< ...�<+8+1 containing bookend gates�< =�>>: (/,* ,:),�<+8+1=�>>: (/,* †,:) where
* ×* †

= � . We can remove some shared control I; =� (B) on a qutrit ; from both bookend gates pro-

vided every interior gate�8+9 = �=C (/ ′,* ′′,: ′) in 9 ∈<..<+8+1 satisfies at least one of three conditions.
First, the interior gate is not controlled by the bookend’s target qutrit : . Second, the interior gate tar-

gets the bookend’s target qutrit : ′=: and also applies the shared control I′
;
=� (B). Third, the interior

gate is controlled on the bookend’s target : and also applies the shared control I′
;
=� (B) on qutrit ; .

Proof Sketch.We can prove by induction that the transform produced a transformed fragment& ′
�

that is strictly equal to&� . For the base case,&� ,&
′
� are proven strictly equal with one interior gate,

and induction is used to prove qubit equality for multiple interior gates. Lemma 2 is then applied:

since&� and&
′
� are strictly-equal, then& and& ′ containing&� ,&

′
� are also strictly equal.

BaseCase.Weuse thesameprocedureas inSection3.4.4andderiveΔ&� .Thisgivesanexpressionsimi-

lar to equation5,where* ′→* †.Now,weuse* ×* †
= � (3), to showΔ&� =0, satisfying strict equality:

Δ&� =c (/1,:−1)⊗
[
(* †−� (3))×(* −� (3))+(* †−� (3))+(* −� (3))

]
⊗c (/:+1,=)=0

Induction. Given strictly equal circuit fragments &�,8 = & ′
�,8 = �<+8+1 × �<+8 × ... × �< and

&�,1=&
′
�,1=�<+8+1×�~×�< containing 8 interior gates and 1 interior gate respectively. We prove

that strict equality holds for a quantum circuit&�,8+1,& ′
�,8+1 constructed from&�,8 ,&

′
�,8 with a gate

�~ inserted before the lagging bookend�<+8+1. First, we show that&�,8+1=&�,1×&�,8 :&�,1×&�,8 =

[�<+8+1×�~ ×�<] × [�<+8+1×�<+8 × ...×�<]. But�< ×�<+8+1 = � (3=) (they have same control

conditions and* ×* †
= � (3)). So&�,8+1 =&�,1×&�,8 . But,&�,8 =&

′
�,8 and&�,1 =&

′
�,1. Hence, with

substitution&�,8+1=&�,8×&�,1=&
′
�,8×& ′

�,1=&
′
�,8+1. Therefore,&�,8+1=& ′

�,8+1, proving strict equality.

3.4.6 SwapCtrl: Control-Subse�ed Gate Swap. Consider a circuit& with fragment unitary&� =

�<+1 ×�< where �< =�0C4 (/, 9), �<+1 =�0C4 (/ ′,:) and I 9 =* . These gates may be swapped

producing & ′
� =�~ ×�< ×�~ †×�<+1, where�~ =�0C4 (�1, 9 [* ]� 9,=),�~† =�0C4 (�1, 9 [* †]� 9,=) are

applied before and after�<+1. This transform ensures strict equivalence, provided two conditions

hold. First, gate�<+1 is either controlled on qutrit 9 (I 9 =� (B)) or targets the same qutrit as�< (: = 9 ).

Second, controls of�< are a subset of the controls of�<+1 (I; =� (B) =⇒ I′
;
=� (B)).

Proof Sketch: For&� and&
′
� to be strictly equal, then&� =&

′
� . Starting from&� , we rewrite the

expression to derive& ′
� , therefore proving&� and&

′
� are strictly equal. To perform this rewrite, we

leverage the property c (/8, 9 )×c (/ ′
8, 9 )=c (/ ′

8, 9 ), which holds since the controls of the first gate are a
subsetof the controls of the secondgate.Therefore theΔ& =0andstrict equality ispreserved. Lemma2

is then applied to demonstrate& containing&� is strictly equal to&
′, given&� is strictly equal to&

′
� .
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3.4.7 SwapInv: State InvariantGateSwap. Consider acircuit& containinga fragment&� =�<×�<+1
with�< =�0C4 (/,9) and�<+1=�0C4 (/ ′,:).We can swap the gates producing transformed fragment

& ′
� =�<+1×�< provided�<+1 applies a control on state B of qutrit 9 (I′9 =� (B)), and�< applies a

state-invariant unitary to B (I 9 =*B ) and is not controlled on target of�<+1 (I: = � (3)).
Proof Sketch. The same proof strategy used in action 3.4.6 is applied to prove strict equality. To

rewrite&� to&
′
� , we apply Lemma 3 to commute unitaries, applied here since*B is invariant to� (B).

3.4.8 Merge: Merge Gates. Consider a circuit & containing a fragment &� = �<+1 ×�< where

�< =�0C4 (/1,:−1 [* ]/:+1,=,:) and �<+1 =�0C4 (/1,:−1 [* ′]/:+1,=,:) are gates that have identical
controls and target qutrit : . The transformed circuit fragment& ′

� =�~ merges gates�< and�<+1
to produce the merged gate�~ =�0C4 (/1,:−1 [* ′×* ]/:+1,=,:) – this action produces a transformed

fragment& ′
� that is strictly equal to&� , the original circuit fragment.

Proof Sketch. The same proof strategy used in action 3.4.6 is applied. To rewrite &� to & ′
� , we

leverage the property that�< ,�<+1 have same control conditions.

3.4.9 ApplyXCtrl: Apply X Gate to Control. Consider a circuit& containing a fragment&� =�<+1×
�< with a non-controlled gate�< =�0C4 (/,:) which applies I: =-8 9 on qutrit : .�<+1=�0C4 (/ ′,;)
is a controlled gate with a control I′

:
=� (8) on qutrit : .-8 9 gate swaps the |8⟩,| 9⟩ states of the target

qutrit. These gates can be swapped producing fragment& ′
� =�<×� ′

<+1 where the transformed gate

� ′
<+1=�0C4 (/) ,;)=�0C4 (/1,:−1,) [� ( 9)]/:+1,=,) ,;) applies control� ( 9) to qutrit : (I:,) =� ( 9)).

Proof Sketch. The same proof strategy used in action 3.4.6 is applied to prove strict equality. Since

* =* †
=-8 9 in this case, the�< gate unitaries can be applied to I: =� (8) to yield I:,) =� ( 9).

4 QUTRIT CIRCUIT REWRITES

1 1

1 1 1 1 0 1 1 1 1 0 1

2 2 1 2 2 2 1 1

q1

... → ...

q2

q3 � � � �

q4 �1 �3 �4 �1 �3 �4

q5 �2 -01 �2 -01

Fig. 12. Rule 1: Control cancellation of gates.

1 1

1 1 1 1 0 1 1 1 1 1 0 1 1

2 2 1 1 1 1 2 1

q1

... → ...

q3

q3 -12 � �-12

q4 �1 �3 �4 �1 �3 �4

q5 �2 -01 �2 -01

Fig. 13. Rule 2: Gate cancellation of bookends.

The circuit rewrites employed by theDare rewrite engine are constructed from the circuit trans-

forms from Section 3. Each rewrite matches a gate pattern and applies one or more transforms.

Rule 1:Control cancellation of gates. Rule 1 (Figure 12) selects a pair of bookends and eliminates

all shared interior controls that can be safely eliminated.Dare finds a bookend pair that satisfies the
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required conditions for the application of theCCInter transformation. TheCCInter transformation

is iteratively applied until all shared controls have been eliminated from the interior gates.

Rule 2:Gate cancellation of bookends. Rule 2 (Figure 13) eliminates a pair of bookend gates by

relocating the leading bookend gate to the lagging bookend gate and then merging them together.

Rule 2 then deletes any formerly interior gates that are now impossible to apply. The rewrite first finds

a pair of bookend gates with interior gates that can potentially be swapped with the leading bookend.

The rewrite then swaps the leading bookend 6 with all interior gates using the SwapInv, SwapCtrl,

andApplyXCtrl transforms until it is adjacent to gate 6′. TheMerge transform is then applied to

merge 6 and 6′. After merging the bookends,Dare iteratively applies theDelCtrl andDelXform

transforms to eliminate gates. If the target bookend cannot be merged, the rewrite is reverted.

1 1 1 1

2 2 2 2 2 2 2 2

2 2 1 2 2 2 2 1 2 2

2 2

q1

... → ...

q2 � � � �

q3

q4 �1 �3 �∗
1 �1 �3 �∗

1

q5 �2 -01 �2 -01

Fig. 14. Rule 3: Control cancellation on bookends.

1 0 1 1 0 1

2 2 2 2 2 2 2 2

2 1 2 2 2 2 2 2

0

q1

... → ...

q2 �1 �5 �1 �5

q3 -12 -12

q4 �3 �4 �3 �4

q5 �2 -01 -01 �2

Fig. 15. Rule 4: Delete redundant gates

Rule 3:Control cancellation on bookends. Rule 3 (Figure 14) eliminates any redundant or unnec-

essary controls from the bookend gates. The rewrite first finds a set of bookend gates that implement

the identity matrix when applied together. The rewrite iteratively applies the CCBook�bit and

CCBookInv to eliminate redundant controls from the bookend gates.

Rule 4:Delete redundant gates. Rule 4 (Figure 15) selects and moves a |2⟩-controlled gate until
it can be deleted using the DelCtrl and DelXform transformations. The rewrite first selects a

gate that can be swapped with its preceding and succeeding gates. The rewrite then speculatively

moves the gate6 to using SwapInv and SwapCtrl operations until aDelCtrl transformation can

be applied. If the target gate cannot be eliminated, the rewrite is reverted.

CircuitRewriteAlgorithmDare’s rewrite engine rewrites aDare-IRquantumcircuit using the four

rewrite rules described in Section 4. The algorithmfirst iteratively applies Rule 4 to eliminate all gates

that can be reshuffled and deleted. The algorithm then non-deterministically applies Rules 1, 2, and 3

to gate targets that match the rules’ gate patterns. The algorithm prioritizes applying Rule 2 if a site is

available and thengreedily applies Rules 1 and 3. This process is repeatedK times to obtain a collection

of optimized circuits. The algorithm estimates the depth for each of the "K" optimized circuits and

returns the circuitwith the lowest depth.Dare also validates that eachoptimized circuit is qubit-equal

to the original, unoptimized circuit to ensure the original computation is implemented faithfully.
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Fig. 16. Decomposed block-diagonal and tile-diagonal matrices a�er CS Decomposition. The �* , �+ , �* ,

�+ matrices are block diagonal, and the��( , ��( , and�( matrices are tile diagonal.

SearchHeuristics.The choice of applying Rule 1 and Rule 3 greedilywhile using a random sampling

for Rule 2 is a heuristic used by the rewrite algorithm. This heuristic is informed by the observation

that applying Rule 2 can enable new opportunities for applying Rules 1 and 3. For all evaluated

circuits, the number of trials required to find the best circuit implementation was ≤ 10.

5 WIRE STATE ANALYSIS.

Dare’s rewrite engine works with wire annotations, which specify the subset of |0⟩,|1⟩,|2⟩ states that
are currently in use along that wireDare employs a static analysis that identifies which wires are

using the qubit basis (i.e. in |0⟩,|1⟩ or a binary basis) or the qutrit basis (i.e. in |0⟩,|1⟩,|2⟩). The tool’s
analysis then propagates input qutrit information forward through the circuit with a forward pass

and then propagates output qutrit information backwards through the circuit with a backward pass:

• Initialization.All wires at the input and output interface are annotated with a |0⟩, |1⟩ basis since
the circuit implements a qubit input/output interface.

• ForwardPass.This forward pass labels wires, starting from the circuit inputs, by stepping through

gates until the end of the circuit is reached. For each successive gate operating on an annotated input

wire, the gate’s output wire is annotated with the set of possible basis states after the gate is applied.

If the gate is controlled, both the disabled and enabled cases are considered. To improve theprecision

of the annotations, the algorithm considers cases where gates are applied together in its analysis.

• Backward Pass. The analysis then moves backwards through the circuit, starting at the circuit

outputs, and propagates wire state information from the qubit output interface. The analysis steps

backwards through gates by applying the inverse of each gate’s unitary and identifying the set

of possible qutrit basis states, given the output wire annotation. If the input wire already has an

annotation, the more restrictive of the two annotations is applied.

6 DAREDECOMPOSITIONALGORITHM

Our decomposition algorithm is inspired from the algorithm sketch for generalized QSD in [4, 14].

Dare decomposes the input 3=×3= sized unitary matrix and produces a generateDare-IR circuit

comprised of multi-controlled single qutrit-gates.

Algorithm. The algorithm recursively decomposes the unitary matrix into progressively smaller

unitaries until a 3×3 unitary is produced. At each step, the decomposition algorithm involves various

components which are as follows:

• Cosine-Sine Decomposition (CSD). The first step is the decomposition of the unitary. CSD can

partitiona3:×3: unitary intoonly twosections.Therefore,weapply thedecomposition twice,using

a 3:−1 partition each time. This breaks theunitaryneatly into block-diagonal (BD) and tiled diagonal

(TD) matrices which comprise 3:−1×3:−1 sub-blocks [28, 29]. Figure 16 presents the structure of
the decomposed matrix after CSD. The 3:×3: BDmatrix has three 3:−1×3:−1 sub-matrices along

the diagonal, while the 3:×3: TDmatrix contains nine 3:−1×3:−1 diagonal sub-matrices.
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Fig. 17. �antum Circuits a�er Tile Diagonal Decomposition and Block Diagonal Decomposition. The�� ,

�� , and�� are 3:−1×3:−1 matrices, and the�8 are diagonal 3
:−1×3:−1 matrices.

• Block Diagonal Decomposition. For each block diagonal matrix, the algorithm unrolls the

block-diagonal matrix into a sequence of three controlled 3:−1×3:−1 sub-matrices. Each controlled

sub-matrix has a distinct control on the top qutrit. Therefore, for a target block diagonal matrix

shown in Figure 17c, the algorithm implements the circuit as shown in Figure 17d.

• CommonMatrix Factorization.Our algorithm employs the CMF optimization to reduce the

complexity and depth of the produced circuit when the block diagonal matrix has common subma-

trices. Figure 17e shows the circuit produced by the decomposition procedure when the common

matrix factorization is applied towards the right if��=�� (first and last block are identical).

CMF optimization estimates the number of controlled gates required to implement the leftover

matrix if CMF is performed in the left or right direction (leaving���
†
�
vs�†

�
�� for Figure 17e).

Using this estimated cost of factorization, CMF chooses the implementation with lower complexity.

• Tile Diagonal Decomposition. The algorithm uses tile diagonal decomposition to implement

a 3:×3: tile-diagonal matrix as a sequence of controlled 3×3 sub-matrices. Each matrix is directly

mapped to a series of multi-controlled single qutrit gates, with control on the bottom. Figure 17a

shows the target tile diagonal matrix. Figure 17b shows the circuit produced after Tile Diagonal

Decomposition is applied (left), along with the resulting circuit when CMF is applied (right).

After one step of decomposition is applied, the algorithm then recursively decomposes the unitary

sub-matrices (with size 3=−1×3=−1) in the block diagonal and tiled diagonal circuit with the unrolled
controls. This continues until each matrix is decomposed into a multi-controlled, single-qutrit gate.

7 EVALUATION

We evaluateDare on 20 benchmark circuits (Table 1) including circuits from prior work on qutrits

[9], arithmetic toffoli-based adder circuits [3, 30], circuits used in evaluating other logical circuit

optimization tools [22, 31] alongwith three toffoli-based synthetic benchmarks. All qutrit circuits are

logical circuits implemented with the 'G8 9 (\ ),'~8 9 (\ ),'I8 9 (\ ),�#$)8 9 gate set, where 8, 9 ∈ [0,1,2].
For each benchmark, we study the following circuit implementations:

• �bit: The qubit baseline implements the computation with a qubit-based circuit. We use each

benchmark’s qubit-based implementation if one is provided (✓), or we generate a T, H, and CNOT

gate-based implementation (∼) if the benchmark is comprised of Toffoli gates [23]. All qubit circuits

are logical circuits implemented with the 'G,'~,'I,�#$) gate set.
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Table 1. Benchmark quantum circuits. large circuits use Dare’s scalable compilation flow, ✓ have hand-

implemented qutrit circuit baselines, ∼ use qutrit-toffoli circuit baselines, qubit have a qubit implementation.

benchmark cite #

bmarks

#

qubits

qubit manual large description

toffoli-<n> [9] 4 3-6 ✓ n-qubit Toffoli gates

incrementer-<n> [9] 2 4-5 ✓ n-qubit incrementor circuits

takahashi-<n> [30] 3 4-8 ✓ ∼ n-qubit takahashi adder.

cuccaro-<n> [3] 2 4-6 ✓ ∼ Toffoli gate-based n-qubit Cuccaro circuits.

rand-circ-<m> 3 6 ✓ ∼ Random m-Toffoli gate arithmetic circuits

nam-<bmark> [22, 31] 6 6-30 ✓ ∼ ✓ nam gateset arithmetic circuits

• �artz: Quartz baseline evaluates circuits used in qubitwith the Quartz compiler [31]. We generate

circuits in the 'G,'~,'I,�#$) as well as the nam gateset (used in [31]) and report the best result

between the two.

• Manual: Themanual baseline implements the computationwith ahand-implemented qutrit circuit if

oneexists (✓). If no such implementationexists (marked∼),wegenerate a reference implementation

by replacing circuit Toffolis with the qutrit-based Toffoli gate from [9].

• DARE:Dare-generated qutrit circuits are generated from the unitary matrix of the corresponding

qubit circuit and then mapped down to a qutrit circuit.

7.1 Experimental Setup and Results

7.1.1 Metrics. For each benchmark and baseline, we report the 2-qubit/qutrit gate count, the 1-

qubit/qutrit gate count, and the circuit depth. We also report the average fidelity metric (��") from

circuit simulations; similar simulation frameworkwas used in priorwork [9] to estimatemeanfidelity

forqutrits.TheAFMiscomputedwith the formula 1

Bℎ>CB

∑Bℎ>CB
8=0 |⟨k8340; |kA4B⟩|2, andahigher��" value

corresponds to a more accurate circuit.��" is calculated with resultant state of a noisy simulation

given by |kA4B⟩ and ideal simulation given by |k8340; ⟩ for Bℎ>CB number of random input states.

7.1.2 Fidelity Simulations. We simulate qutrit and qubit-based circuits using Cirq, where we report

��" for 5000 runs for each circuit. We chose Cirq for simulation since it supports noise modeling for

qutrit circuits.Thequtritnoisemodel,whichmodeled superconductingand trapped-ionqutrit devices,

was initially developed in [9] andmerged into themainCirq branch.We developedmodels for the pro-

jectionsbyadjustingparameters inCirq’squtritmodel.Weperformsimulations forall thecircuitswith

less than nine qutrits since larger qutrit benchmarks cannot be tractably simulated.Weuse the simula-

tion approachdescribed in [9] using state-vector simulation. The qubit/qutrit errormodels for the sim-

ulationwerederived from[13, 21] to simulate qutrit errors. These errormodelswere alsoused in evalu-

ationof [9]. The superconductingerrormodelhere arebasedon IBM’s superconductingquantumcom-

puters, [9, 12, 15] and the trapped ion error models are from a 131.1+ ion-based implementation [9].

• The sce error model captures the behavior of superconducting quantum hardware and takes gate

error to be 10−3 for 1-qubit and 10−2 for 2-qubit gates. Whereas qutrit-based hardware globally

operates at a 2-6x lower fidelity (due to scaling of error across a symmetric error channel) than

qubit-based hardware. Furthermore, the |2⟩ state collapses 2x faster than |1⟩ for state damping.

The gate times taken are 100 and 300 ns for 1- and 2-qutrit gates respectively.

• The stbl2model modifies sce to have qutrit gates with similar error characteristics as qubit super-

conducting hardware, capturing the effects of improving the stability of |2⟩ state.
• The projmodel is based on sce but reduces the error rates for all quantum devices and gates by 100x

for all technologies, capturing the effects of globally improving the stability of quantum hardware.
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Table 2. Gate count and depth comparison between manual andDare.

manual Dare relative change

benchmark 2-qutrit

gates

1-qutrit

gates

depth 2-qutrit

gates

1-qutrit

gates

depth 2-qutrit

Δ

1-qutrit

Δ

depth Δ

toffoli-3† 3 2 5 3 2 5 0 0 0

toffoli-4† 7 9 15 5 4 9 -2 -5 -6

toffoli-5† 14 21 20 10 7 11 -4 -14 -9

incrementer-4† 9 12 16 7 5 12 -2 -7 -4

incrementer-5† 28 47 45 10 7 17 -18 -40 -28

takahashi-4 11 8 16 5 2 6 -6 -6 -10

takahashi-6 23 16 29 12 6 15 -11 -10 -14

takahashi-8 35 24 42 22 18 29 -13 -6 -13

cuccaro-4 16 12 27 8 4 12 -8 -8 -15

cuccaro-6 31 24 41 18 10 26 -13 -14 -15

random-circuit-6 24 26 48 18 12 30 -6 -14 -18

random-circuit-11 49 48 85 37 28 56 -12 -20 -29

random-circuit-16 71 66 125 33 26 44 -38 -40 -81

nam-csla-mux-3 70 56 64 50 20 35 -20 -36 -29

nam-csum-mux-9 140 140 50 84 84 31 -56 -56 -19

nam-gf4̂-mult 83 72 70 51 32 40 -32 -40 -30

nam-mod5-4 24 22 41 16 9 24 -8 -13 -17

nam-mod-mult-55 35 28 39 27 22 28 -8 -6 -11

nam-vbe-adder-3 54 52 70 30 16 26 -24 -36 -44

Table 3. Gate count and depth comparison between qubit-based circuits andDare.

qubit Dare relative change

benchmark 2-qubit

gates

1-qubit

gates

depth 2-

qutrit

gates

1-

qutrit

gates

depth 2-

qutrit

Δ

1-

qutrit

Δ

depth Δ

toffoli-3 6 9 11 3 2 5 -3 -7 -6

takahashi-4 16 18 24 5 2 6 -11 -16 -18

takahashi-6 33 36 44 12 6 15 -21 -30 -29

takahashi-8 50 54 65 22 18 29 -28 -36 -36

cuccaro-4 18 20 27 8 4 12 -10 -16 -15

cuccaro-6 35 40 50 18 10 26 -17 -30 -24

random-circuit-6 36 55 59 18 12 30 -18 -43 -29

random-circuit-11 66 100 98 37 28 56 -29 -72 -42

random-circuit-16 96 145 148 33 26 44 -63 -119 -104

nam-csla-mux-3 80 130 80 50 20 35 -30 -110 -45

nam-csum-mux-9 168 364 72 84 84 31 -84 -280 -41

nam-gf24̂-mult 99 190 133 51 32 40 -48 -158 -93

nam-mod5-4 28 51 59 16 9 24 -12 -42 -35

nam-mod-mult-55 48 99 60 27 22 28 -21 -77 -32

nam-vbe-adder-3 70 120 97 30 16 26 -40 -104 -71

• The tie trapped ion error model considers noise in trapped ion quantum computers which are more

stable but less scalable than superconducting quantum computers and have fewer qubits/qutrits.

7.1.3 Gate Counts and Depth. Table 2 compares gate counts and depth for Dare qutrit circuits

against themanual qutrit circuits. For the handcrafted benchmarks (†),Dare reduces depth by up to 28
gates and uses up to 18 fewer 2-qutrit gates thanmanual implementations. Therefore,Dare produces

competitive or better qutrit circuits than even the handcrafted baselines from [9]. For the remaining

Toffoli-based adders and other nam benchmarks,Dare attains up to 81 lower depth, up to 38 fewer
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Table 4. Gate count and depth comparison for nam benchmarks between�artz andDare.

�artz Dare relative change

benchmark 2-qubit

gates

1-qubit

gates

depth 2-

qutrit

gates

1-

qutrit

gates

depth 2-

qutrit

Δ

1-

qutrit

Δ

depth Δ

toffoli-3 6 9 12 3 2 5 -3 -7 -7

takahashi-4 10 12 16 5 2 6 -5 -10 -10

takahashi-6 23 24 38 12 6 15 -11 -18 -23

takahashi-8 37 36 57 22 18 29 -15 -18 -28

cuccaro-4 13 15 24 8 4 12 -5 -11 -12

cuccaro-6 25 30 45 18 10 26 -7 -30 -24

random-circuit-6 26 35 42 18 12 30 -8 -13 -12

random-circuit-11∗ 53 61 81 37 28 56 -16 -33 -15

random-circuit-16∗ 75 87 112 33 26 44 -42 -61 -68

nam-csla-mux-3∗ 76 78 65 50 20 35 -26 -58 -30

nam-csum-mux-9∗ 128 140 42 84 84 31 -44 -56 -11

nam-gf24̂-mult∗ 96 81 101 51 32 40 -45 -59 -61

nam-mod5-4 15 11 17 16 9 24 +1 -2 +7

nam-mod-mult-55∗ 39 54 45 27 22 28 -12 -32 -17

nam-vbe-adder-3∗ 40 45 57 30 16 26 -10 -29 -31

2-qutrit gate counts and up to 40 fewer 1-qutrit gates. For all benchmarks,Dare achieves relative

depth reductions of 0-65%, 2-qutrit gate count reductions of 0-64% and 1-qutrit gate count reductions

of 0-85%.Wemark all the benchmarks with the highest and lowest percentage improvements in bold

in Table 2. We find thatDare delivers gate count and depth improvements, even when compared

against benchmarks that have been hand-optimized as well as benchmarks that use optimized Toffoli

circuits. Therefore, optimizing across gates delivers additional benefits that are otherwise missed

when optimizing individual gate implementations.

Table 3 comparesDare’s qutrit circuits against hand-implemented and Toffoli-based qubit circuits.

Dare attains a 6-104 depth reduction and uses 3-84 fewer 2-qubit/qutrit gates and 7-280 fewer 1-

qubit/qutrit gates over manually implemented qubit circuits. This translates to a 43-75% reduction in

depth, a 38-69% improvement in 2-qubit gate count and a 67-89% improvement in 1-qubit gate count.

Therefore,Dare-optimized circuits achieve significant depth and gate count reductions over qubit

circuits. Therefore, qutrit circuits reduce circuit depth without requiring extra quantum elements.

Table 4 compares the results for circuits from Dare and �artz [31] compiler. For almost all

benchmarks,Dare finds more efficient circuits than�artz.Dare delivered up to 45 fewer 2-qutrit

gates, 2-61 fewer 1-qutrit gates and improves depth by up to 74 gates. This is a -0.06 to 56.6% reduction

in 2-qubit gates, 18.1 to 74.4% reduction in 1-qubit gates and up to 62.7% reduction in depth. For this

comparison, we keepDare in its gateset and report�artz’s performance with its preferred gateset

(between nam and'G,'~,'I,�#$) ). From the 15 tests in the qubit baseline,�artz timed out for 7 tests

after 24 hours (marked with ∗ in table 4). Hence, we validated the results from�artz against those

reported in [31] (for nam benchmarks) and found our reported numbers are better or at least identical.

7.1.4 Circuit Fidelity Comparison. Table 5 reports the fidelity results for the noise models for all

benchmarks smaller than 9 qutrits. For the sce noise model,Dare circuits achieve up to 8.9× higher

fidelity thanmanual qutrit circuits. Hence,Dare’s depth improvements translate to improved fidelity.

However, with sce noise model, qubit-based circuits can attain 1.07-10.2 times better fidelity than

manual qutrit circuits. While Dare’s circuits close some of this gap, the stability of qubit-based

hardware today is still significantly greater, leading toworse fidelitywith qutrits. So, we also evaluate

the effect of improving quantum hardware technology with two other models, stable2 and proj.
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Table 5. Fidelity study.

qubit manual Dare

benchmark sce Proj tie sce Stbl2 Proj tie sce Stbl2 Proj tie

toffoli-3 0.916 0.999 0.995 0.853 0.999 0.953 0.977 0.821 1.000 0.952 0.987

toffoli-4 - - - 0.628 0.995 0.871 0.967 0.724 0.998 0.922 0.979

toffoli-5 - - - 0.383 0.995 0.740 0.919 0.530 0.995 0.806 0.952

incrementer-4 - - - 0.550 0.996 0.828 0.942 0.646 0.996 0.882 0.954

incrementer-5 - - - 0.131 0.990 0.461 0.858 0.523 0.995 0.794 0.935

takahashi-4 0.769 0.998 0.979 0.513 0.995 0.790 0.940 0.738 0.996 0.934 0.974

takahashi-6 0.539 0.988 0.962 0.230 0.984 0.631 0.881 0.482 0.989 0.806 0.944

takahashi-8 0.329 0.981 0.927 0.078 0.974 0.441 0.841 0.219 0.990 0.567 0.877

cuccaro-4 0.740 0.998 0.987 0.378 0.988 0.736 0.912 0.581 0.996 0.874 0.960

cuccaro-6 0.473 0.990 0.952 0.132 0.984 0.504 0.834 0.287 0.991 0.662 0.901

random-circuit-6 0.468 0.988 0.967 0.179 0.983 0.583 0.881 0.299 0.993 0.686 0.911

random-circuit-11 0.233 0.989 0.925 0.057 0.974 0.317 0.775 0.092 0.977 0.469 0.827

random-circuit-16 0.132 0.968 0.878 0.013 0.967 0.228 0.674 0.116 0.986 0.496 0.819

nam-mod5-4 0.526 0.983 0.949 0.210 0.991 0.614 0.904 0.373 0.992 0.726 0.932

For the Stbl2 error model where we improve the stability of the |2⟩ state, Dare attains 1.1-7.5×
the fidelity of qubit. For the proj error model,Dare attains comparable fidelity to qubit for the same

improved qubit gate counterparts. Therefore, improving the stability of qutrit-based hardware can

enable gate count/depth reductions to translate to fidelity improvements. For trapped ion quantum

hardware (tie), theDare,manual, and qubit attain similar fidelity across all benchmarks (within 1-3%).

Therefore, independent of hardware realization,Dare’s gate and depth reductions help bridge the

fidelity gap between qubit and qutrit-based circuits and also possibly deliver fidelity improvements

if the stability of qutrits is increased in the future. Furthermore, the reduced 2-qubit gate counts can

lead to further improvements when considering mapping to hardware.

7.1.5 Dare Execution Time and Scalability. Decomposing n-qutrit circuit unitary requires decompos-

ing a 3=×3= matrix. Without circuit splitting,Dare’s decomposition algorithm is a major bottleneck

in compilation, as it processes 3=×3= matrices and therefore scales exponentiallywith qubit count and

exhibits worse scalability properties than qubit circuit decomposition algorithms, which work with

2
=×2=<0CA824B . For example, qutrit and qubit circuit decomposition algorithms require 8 hours and

103.23 seconds respectively to decompose an 8-qubit circuit.Dare solves this issue with the circuit-

splittingpass thatbreaksup thecircuit into severalmuchsmallerunitarymatrices.This allowsDare to

decompose larger benchmarks from nam gate set, with the largest circuit (csla-mux-9 with 30 qutrits)

taking only 52.40 seconds to decompose. With circuit splitting, twenty-five 33×33−34×34 sized
unitary matrices are analyzed instead of a 330×330matrix.Dare’s rewrite algorithm takes only 3.20-

968.76 seconds to run, depending on the benchmark, and is not a significant bottleneck in scalability.

8 DISCUSSION

Novelty of Quantum Shannon Decomposition. Previously developed generalized Quantum

Shannon Decomposition (QSD) methods only provide a high-level description of how to perform

decomposition and perform a pen-and-paper analysis of their method [4, 14]. To realizeDare, we

translate thesedescriptions intoanumeric algorithmimplementablewith standardnumerical comput-

ing libraries. In addition, the circuits produced by the original decomposition algorithmare inefficient,

so we engineered the common matrix factoring optimization (CMF) to reduce the complexity of

generated circuits. CMF optimization is specific to Qutrit QSD and factors out any repeated/common

matrices, reducing depth and the number of controlled gates. It supports both block diagonal and
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tiled diagonal matrices – both matrix structures appear during decomposition. Figures 17d/17e, and

17b show block-diagonal and tiled-diagonal circuits before and after CMF is applied.

Utility of Decomposition Algorithm.Matrix decomposition is an essential step inDare’s com-

pilation procedure, as it produces a qutrit circuit which effective uses of the |2⟩ state from qubit

circuit. We note that in the future, the decomposition step can potentially be replaced with novel

algorithms which fold transient circuit information into a higher energy quantum states. These

methods would sidestep the decomposition process entirely.Dare’s circuit rewriting can also be

used to optimize these qutrit circuits. However, for novel non-decomposition-based qutrit circuit

construction methods to be successful, it’s critical to study efficient qutrit implementations of qubit

circuits, which theDare compiler can provide.

9 RELATEDWORK

Qutrit-basedCircuits.Researchers have previously devisedhand-implementations of qutrit circuits

for only a small set of quantumgates and analyzed the tradeoffs associatedwith such circuits [1, 9, 16].

Dare builds upon this work and automatically generates such circuits that use higher-order states for

computation fromaqubit unitarymatrix.While, researchers have also developed software techniques

for mapping computations to ququarts [17, 18], these techniques specifically exploit the fact that

ququarts, like qubits, offer 2= basis states and hence are inapplicable to qutrit circuits.

SoftwareTools forQubitCircuits.Existing quantumcircuit decomposition tools [5, 28] target only

2
=×2=matrices forqubit computations.Whilealgorithmsforqutritdecompositionexist, an implemen-

tation for them has not yet been developed [2, 4].Dare offers a practical implementation of the qutrit

decomposition algorithm and incorporates optimizations to reduce circuit depth. Similarly, other

works that directly synthesize circuits fromunitaries are restricted to qubits [24]. Such techniques are

not transferable, as qutrit circuit decomposition requires significant restructuring of the underlying

computation. Finally, previouslydevelopedcircuit rewritemethods target qubits circuits andmaintain

strict equality in the rewrite. In contrast,Dare generates and optimizes qutrit circuits that implement

qubit computations and deploys rewrites that work with a more relaxed definition of equality.

10 CONCLUSION

Quantum computers are a revolutionary class of computing platforms capable of solving compu-

tationally hard problems but suffer from fidelity and resource availability issues. Practitioners have

recently architected qutrit quantum hardware platforms that compute over |0⟩, |1⟩, and |2⟩ states
and have developed circuit depth reduction techniques that use the qutrits’ higher energy |2⟩ state
to temporarily store information. We presentedDare, an optimizing compiler that maps qubit com-

putations to optimized qutrit circuits at reduced depth. We anticipate that, with further investment

in qutrit-based quantum hardware and new qubit equality-preserving cross-gate optimizations, we

will better realize the capabilities of this class of hardware platforms.
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